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Abstract. The purpose of this paper is twofold. First, we review appUcations 
of the bar duahty of operads to the construction of expUcit cofibrant replace- 
ments in categories of algebras over an operad. In view toward applications, 
we check that the constructions of the bar duality work properly for algebras 
over operads in unbounded differential graded modules over a ring. 

In a second part, we use the operadic cobar construction to define explicit 
cyclinder objects in the category of operads. Then we apply this construction 
to prove that certain homotopy morphisms of algebras over operads are equiv- 
alent to left homotopics in the model category of operads. 
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Introduction 

The notion of an operad makes sense in the general setting of symmetric 
monoidal categories. To do homotopy theory, we consider operads in a sym- 
metric monoidal category equipped with a model structure. In good cases, the 
category of algebras associated to an operad (and the category of operads itself) 

2000 Mathematics Subject Classification. Primary: 18D50; Secondary: 18G55, 55U35, 
55U15. 

Research supported in part by ANR grant JCJC06 OBTH. 



2 



BENOIT FRESSE 



inherits a model structure with as weak-equivalences the morphisms which form 
weak-equivalences in the underlying symmetric monoidal model categorjQ. 

The homotopy category of a model category can be defined naively as a frac- 
tion category in which the weak-equivalences are formally inverted to yield actual 
isomorphisms. The existence of a model structure gives a manageable representa- 
tion of this category: each object can be replaced by an equivalent cofibrant-fibrant 
model and the morphisms of the homotopy category are represented by equivalence 
classes of actual morphisms between these cofibrant-fibrant replacements. 

The first purpose of this paper is to review a definition of explicit cofibrant 
replacements for algebras over operads in differential graded modules (for short, we 
say dg- modules). These cofibrant replacements are determined from the structure 
of operadic cobar constructions, which themselves define cofibrant objects of a 
particular form in the category of operads. 

In many references of the literature on the operadic cobar construction, authors 
deal with operads in N-graded dg-modules defined over a field of characteristic zero. 
The bar duality of operads has been introduced in [1, Q in that setting. 

But certain applications of operads hold in the context of modules over a ring 



and require the use of unbounded chain complexes (see for instance [12, llH, Il8l|). 

For that reason, we check carefully that usual applications of the operadic cobar 
construction can be generalized to the setting of Z-graded dg-modules over a ring. 
To summarize, we explain how to address two sources of technical difficulties: 

- the existence of Z-torsion in the ground ring or in modules over the ground 
ring, 

- the structure of cofibrant dg-modules and the convergence of spectral 
sequences in the Z-graded context. 

In a previous paper j^, we study the homotopy of cobar constructions within 
the category of operads. In this paper, we focus on applications of operadic cobar 
constructions to the homotopy categories of algebras over operads. 

Recall that the operadic cobar construction is an operad B'^{D) naturally as- 
sociated to a cooperad D. Any operad P has a cofibrant replacement of the form 
Q = i3'^(D) for some cooperad D. The usual bar duality associates a D-coalgebra 
r = Tp{A) to any P-algebra A and a P-algebra i?p(r) to any D-coalgebra F. The 
classical duality of rational homotopy between cocommutative coalgebras and Lie 
coalgebras can be viewed as an instance of this construction where we take a desus- 
pension of the cooperad of cocommutative coalgebras D — and the operad 

of Lie algebras P = L. The bar duality of associative algebras can be identified with 
another application of this construction where we take the cooperad of coassociative 
coalgebras D = and the operad of associative algebras P = A. 

We review the construction of the coalgebra F — Fp (A) , of the P-algebra Rp (F) , 
and we check that the composite construction Ra ~ i?p(Fp(y4)) defines a cofibrant 
replacement of A in the category of P-algebras under mild assumptions on the 



^If we take mild assumptions, then the axioms of model categories are not fully satisfied by 
the category of algebras associated to an operad, but we still have a semi-model structure in the 
sense of [1411 which is sufficient for most applications of homotopical algebra. Therefore, we use 
abusively the word "model structure" to refer to the structure of a semi-model category, which is 
taken as a good background for the applications of homotopical algebra to categories of algebras 
over an operad. 
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unbounded dg-module underlying A when the ground ring is not a field. We also 
study morphisms between cofibrant P-algebras of this form Ra — i?p(rp(^)). 

Recall that the structure of a P-algebra A is determined by an operad mor- 
phism : P — > End a, where End a is a certain universal operad acting on A, the 
endomorphism operad of A. In a second part of the paper, we study homotopy 
morphisms between pairs of P-algebras with the same underlying dg-module. We 
prove that these homotopy morphisms are equivalent to left homotopies between 
the morphisms (jPjCj)^ : P — + End a which determine the P-algebra structures. For 
this aim, we use an extension of the cobar construction to define explicit cylinder ob- 
jects in the category of operads. In the example of the Lie operad P = L, we obtain 
that the Loo-niorphisms which reduce to the identity on objects are equivalent to 
left-homotopies in the category of operads. In the example of the associative operad 
P = A, we obtain the same result for the standard notion of an ^oo-morphism. 

In [7j , we prove that the existence of a left homotopy in the category of operads 
implies the existence of a morphism in the homotopy category of algebras. The 
construction of this paper gives a more precise result in the sense that we have a 
characterization of the homotopy morphisms associated to left homotopies in the 
category of operads. 

In this paper, we use the standard homotopy category of the theory of model 
categories. But another notion of homotopy morphism for algebras over operads 
has been introduced by Boardman-Vogt in These homotopy morphisms are 
associated to cofibrant replacements of colored operads which model morphisms of 
algebras over operads. We plan to prove in a follow up that the standard homotopy 
category of algebras over an operad is equivalent to the homotopy category of 
Boardman-Vogt' homotopy morphisms. 

This paper should serve as a preparation for this future work, because the 
correspondence between operad homotopies and homotopy morphisms of algebras 
over operads is a part of this equivalence. 

In the first part of the paper, we review the overall definitions of the homotopy 
theory of operads in dg-modules: we devote a preliminary section to setting up 
the structure of the base category of dg-modules O; we recall the definition of 
an operad and we review the definition of the model structure of the category 
of operads next (il]); lastly, we recall the definition of the categories of algebras 
associated to operads and their model structures (|J2|). 

In the second part of the paper, we address applications of the operadic cobar 
construction to the homotopy of algebras over operads. First of all, in iJ31 we 
review the definition of the cobar construction of a cooperad. The applications of 
the cobar construction to the definition of cofibrant replacements of algebras over 
operads are addressed in fJH The correspondence between homotopy morphisms of 
algebras over operads and left homotopies of operad morphisms is established in ij5l 

The homotopy of operads and of algebras over operads 

0. The background of dg-modules 

The first purpose of this section is to fix conventions on the category of dg- 
modules, which give the background of our constructions. Then we review the 
definition of the symmetric monoidal model structure of that category. 
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0.1. The category of dg-modules. For us, a dg- module C refers to a module over 
a fixed ground ring k equipped with a Z-grading C = 0^gz C* and a differential 
6 : C ^ C which decreases degree by 1. The degree of a homogeneous element 
a; G C is denoted by deg(x). Usually, we refer to a dg-module by the notation of the 
underlying module C which is supposed to be equipped with a natural differential 
for which we use the notation 6. 

The category of dg-modules is denoted by the letter C. Naturally, a morphism 
of dg-modules is a morphism of k-modulcs f : C ^ D which preserves gradings 
and commutes with differentials. The notation More (C,-D) refers to the set of 
dg-module morphisms f : C ^ D. 

In the paper, wo also use dg-module homomorphisms which are morphisms of 
k-modulcs f : C ^ D such that /(C») C -D*+d for a fixed homogeneity degree 
d = deg(/). The notation Homc{C, D) refers to the k-module spanned by homo- 
geneous dg-module homomorphisms. The object Homc{C,D) forms itself a dg- 
module because we have a natural differential 6 : Homc{C, D) — > Homc{C, D) de- 
fined for each / € Homc{C, D) by the graded commutator 5{f) = Sf — {—l)'^°^^^^f5, 
where 5 refer to the internal differential of C and D. 

0.2. Twisted dg-modules. In certain constructions, a twisting homomorphism 
of degree —1 

d€Homc{C,C) 

is added to the internal differential of a dg-module 5 : C — > C to produce a new 

dg-module structure. This new dg-module, to which we refer by the pair (C, 9), 
has the same underlying graded module as C but a differential defined by the sum 
S + d : C ^ C. The identity of differentials {d + d)"^ = is equivalent to the 
equation 

(*) S{d) + 5^ = 

in the dg-hom Homc{C, C). In the sequel, we refer to (*) as the equation of twisting 
homomorphisms . 

0.3. The symmetric monoidal category of dg-modules. The tensor product of 
dg-modules C,D G C is the dg-module C ® D such that 

(C0£>)„= Cp^Dq 

p+q=n 

together with the differential 6: C®D^C®D defined by the formula 

5{x ®y) = 5{x) ®y + {-l)'^"^^'''^ x ® S{y), 

for any homogeneous tensor x ® y € C ® D . 

This tensor product (g) : C x C ^ C provides the category of dg-modules C with 
the structure of a symmetric monoidal category since: 

the ground ring k, identified with a dg-module concentrated in degree 0, 
defines a unit for the tensor product of dg-modules; 

- the tensor product of dg-modules is obviously associative; 

- we have a symmetry isomorphism t: C^D^D^C defined by 

t{x <S:y) = {-l)'^^s{xydes{v)y ^ j.^ 

for any homogeneous tensor x ®y €: C ® D. 



OPERADIC COBAR CONSTRUCTION AND HOMOTOPY MORPHISMS 



5 



The isomorphisms that give the unit, associativity and symmetry relations of a 
symmetric monoidal structure are required to satisfy natural coherence axioms. 
The verification of these axioms is easy in the context of dg- modules. 

The dg-modules of homomorphisms Homc{C, D) fit the adjunction relation 

Morc(i^ C, £1) ~ More (if, Homc{C, D)) 

with respect to the tensor product (g) : C x C — > C. Accordingly, the category 
of dg-modules forms a closed symmetric monoidal category with the dg-modules 
Homc{C, D) as internal hom-objects. 

0.4. Signs. In our work we adopt the notation ± to refer to a sign which arises 
from a tensor permutation. In principle we do not make these signs explicit since 
they are fully determined by the definition of the symmetry isomorphism of dg- 
modules. Globally, any permutation of dg-symbols xy ^ yx produces a sign ± = 
(_X^deg(£i:) deg(y)_ The uotion of a dg-symbol includes not only the elements of a 
dg-module C, but also the dg-module homomorphisms f : C ^ D, which are 
nothing but homogeneous elements of the dg-hom Homc{C, D), and the differentials 
(5 : C ^ C, which are nothing but homomorphisms of degree —1. 

0.5. Model categories. Recall briefly that a model structure on a category A is 
defined by three classes of morphisms, called weak-equivalences, cofibrations, and 
fibrations, satisfying axioms modeled on properties of the usual weak-equivalences, 
cofibrations, and fibrations of topology. The purpose of this structure is to handle 
the morphisms of the homotopy category of A, usually denoted by Ho A. In the 
general setting of a category with weak-equivalences, the homotopy category can 
only be defined naively as a localization Ho^ = ^[W^~^] with respect to the class 
of weak-equivalences W C Mor^. In the context of a model category, we have 
a natural homotopy relation on morphisms and the morphisms of the homotopy 
category are represented by homotopy classes of morphisms of A. The notion of 
a cofibration and of a fibration is used to characterize the morphisms and objects 
which behave properly with respect to this homotopy relation. 

The reader is supposed to be familiar with this background, for which we can 



refer to [l3j, ll5|. We only recall the definition of the model structures used in 
the paper: the model structure of the category of dg-modules below, the model 
structure of the category of operads in dg-modules in and the model structure 
of the categories of algebras over an operad in Sj2j 

Fact (see for instance |15|, Theorem 2.3.11]). The category of dg-modules is 
equipped with a model structure such that: 

- the weak-equivalences are the morphisms which induce an isomorphism in 
homology; 

- the fibrations are the morphisms of dg-modules which are degreewise sur- 
jective; 

- the cofibrations are the morphisms which have the right lifting property 
with respect to acyclic fibrations. 

This model structure is symmetric monoidal in a strong sense: 

Fact (see [ll. Proposition 4.2.13]). 

- The ground ringh, which defines the unit of the tensor product ofC, forms 
a cofibrant object in C. 
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- The pushout-product axiom (see {Idi . %4-.2.1]) holds for the tensor product 
of dg-modules and we have a dual puUback-hom axiom for the internal 
hom of the category of dg-modules. 

0.6. Relative cell complexes in cofibrantly generated model categories. Let K. be 
a set of maps in a category A. Recall briefly that a relative /C-cell complex in A is 
a (possibly transfinite) composite 

A^ > Ax-i ^ Ax^ ■■■ ^ colim = B 

such that each jx is defined by a pushout 

Q : 

V^" ^Ax 

with ia G /C, Va. 

The usual model categories are equipped with: 

- a set of generating cofibrations 2 C Mor A which serve to produce factor- 
izations f = pi such that p is an acyclic fibration and i is a relative I-cell 
complex, 

- and a set of generating acyclic cofibrations C Mor A which serve to 
produce factorizations / = qj such that q is a fibration and j is a relative 
J'-ceW complex. 

The relative X-cell complexes are automatically cofibrations. The relative J'-cell 
complexes are automatically acyclic cofibrations. The construction of the factor- 
ization f — pi (respectively, / = qj) is performed by the small object argument. 
For an account of this construction, we refer to (isl . §10.5] or to [15, §2.1]. 

For our needs, we recall the definition of the generating (acyclic) cofibrations 
of the category of dg-modules and we review the structure of the cofibrant cell 
complexes of C, the dg-modules C G C such that the initial morphism i : — » C is 
a relative I-cell complex. 

0.7. Cofibrant cell complexes in dg-modules. Let E[d] be the dg-module spanned 
by a homogeneous element of degree d and a homogeneous element 6^-1 of de- 
gree d — 1, together with the differential such that S{ed) — ^d-i- Let B[d] be the 
submodule of E[d\ spanned by bd-i- The embeddings id ■ B[d\ E[d], d G Z, 
define the generating cofibrations of the category of dg-modules. The morphisms 
jd : ^ E[d], d G Z, define the generating acyclic cofibrations. 

The cofibrant cell complexes of the category of dg-modules are identified with 
twisted dg-modules C = {E, d) formed from a free graded k- module E = 0c,gA k Ca, 
equipped with a trivial internal differential, together with a basis filtration 

= {eajaeAo C {ea}aeKi C • • ■ C {ea}aeKx C • • ■ C {eajcgA 

such that d{Ex) C Ex-i, where we set Ex — ®aeAx "^^a- 

This identity of structures follows from a straightforward inspection of the 
structure of pushouts along generating cofibrations in the category of dg-modules. 
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Y 

■Cx 



Indeed, one observes easily that a pushout 

Bide] J_ 

aeSx 
aeSx 

amounts to the definition of a twisted dg-module 

Cx = (Ca-i©{0 kec.},d) 

such that d vanishes over Cx-i and maps any basis element Cq,, a € Sx, to an 
element of Cx-i- The basis elements represent the image of the generators e^^ £ 
under the morphism g : ^^^g^ E[da] ^ Cx- The twisting homomorphism 
is determined on Cq by the identity d{ea) = f{bd^) which follows from the relation 
S{ed^) = bd^ in -^[dQ] and the commutation of g with differentials. 

One sees immediately that a sequence of pushouts of this form produces a 
twisted dg-module together with a basis filtration of the form stated, where — 
llx<ti thai this correspondence of structures gives an equivalence, note 

simply that Cx represents the dg-submodule of C = colim^ Cx spanned by the basis 
elements such that a € Aa. 

1. Operads in dg-modules 

The purpose of this section is to review standard definitions on the category of 
operads: in Hl.li we recall the basic definitions of the structure of an operad; in m.2l 
we review the definition of the monad of tree tensors which gives an intuitive and 
global representation of the composition structure of an operad; in m.3\ we recall 
the definition the model structure of the category of operads in dg-modules; in §1.41 
we study the structure of cofibrant cell objects of the category of operads. 

1.1. Recollections of basic definitions. The structure formed by a collec- 
tion M ~ {M(?i)}„gN, where M(n) is a dg-module equipped with an action of the 
group S,i of permutations of {1, ... , n}, is called a E*-object. 

According to the original definition of [l^l, an operad consists of a E^-object P 
equipped with a unit element 1 € P(l) and composition products 

(*) P(r) P(ni) (g,---® P{nr) A P(ni + • • • + n^) 

that satisfy natural equivariance, associativity and unit relations. The composition 
product of p e P(r) with qi E P(ni), ■ ■ ■ ,qr S P{nr) is denoted by p{qi, ■ ■ ■ ,qr) S 
P(ni -!-•••+ rir). An operad is also equipped with partial composites 

(**) pOeg = p(l,...,g, for e = 1, . . . ,r, 

defined by the composition of p e P(r) with an operation q e P(s) at the eth 
position. The associativity of composition products implies that the structure of 
an operad can equivalently be defined in terms partial composites, for which we 
also have natural equivariance, associativity and unit relations (see [3| or [iol . 



Proposition 13] and [2l|, §1.3]). The proof of this equivalence of definitions is 



8 



BENOIT FRESSE 



revisited next. For the moment, we only assume that the existence of a composition 
structure (*) imphes the existence of partial composites (**). 

The previous definitions are the most natural if we regard the elements of an 
operad as operations with r inputs. But the composition structure of an operad 
can also be embodied into a conceptual and compact categorical definition. 

The unit element 1 G P(l) is equivalent to a morphism rj : \ ^ P , where I is the 
S, -object such that 



\{n) 



k, if n = 1, 
0, otherwise. 



The composition products are equivalent to a single morphism of -objects /i : 
Po P ^ P, where o is a certain operation on the category of S^-objects, the com- 
position product of S^-objects. The equivariance axioms of the original definition 
is encoded in the definition of o. The composition product o is a unitary and as- 
sociative operation, with the S^-object I as a unit, and the unit and associativity 
axioms of the definition of an operad are equivalent to the commutativity of usual 
diagrams: 



noP 7)oP 
loP— PoP-< Pol 




and 



P O/J 

PoPoP ^ PoP 



PoP 



For the purpose of operadic cobar constructions, we give a graphical definition 
of the composition product M o N from which we derive an intuitive representation 
of the composition product of an operad /i : P o P — > P. 

For another detailed account on the composition structure of E^-objects, we 
refer to the surveys of P, §1] and [m, iyj]. The abstract definition of an operad in 

. Next f ^2.3p . we recall that this abstract 
between operads and monads. 



terms of a triple (P, /x, 77) goes back to [24 
definition reflects the correspondence of 

1.1.1. The numbering free representation of T,,,- objects. In our graphical con- 
structions, we use that a E*-object is equivalent to a functor AI : Bij — + C, where 
Bij refers to the category of finite sets and bijections between them. We adopt the 
notation |/| to refer to the cardinal of any finite set /. 

In one direction, for a functor M : Bij C, the dg-module 

M(n) = M({l,...,n}) 

inherits a natural I]„-action since a permutation w £ I]„ is equivalent to a bijec- 
tion w : {l,...,n} {l,...,n}. Hence, the collection of dg-modules M(n) = 
M({1, . . . , n}), n £N, forms a S*-object naturally associated to M : Bij C. 

In the converse direction, to a I]*-object M we associate the functor M : Bij 
C such that 

M{I)^Bij{{l,...,n)J) ®^„M{n), 

for any set / of cardinal n = |/|. The tensor product of a dg-module C with a set S 
is the coproduct over S of copies of C. The tensor product over S„ coequalizes the 
natural E„-action on M(n) with the action of permutations by right translations 
on Bij{{l, . . . , n}, I). An element x G M(/) is represented by a box labeled by x 
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with 1 output and n inputs indexed by the set I = {ii, . . . , in}- 

il • • • in 





1.1.2. The representation of composites by trees with levels. The terms (M o 
N){I) of the composite S*-object M o N are defined intuitively as dg- modules 
spanned by tensors arranged on oriented trees with one level of inputs indexed by 
the set I, two level of vertices, and one output (for short, we call this structure an 
/-tree with two levels): 






X 












The vertices at level 1 of the tree are labeled by elements G N. The inputs of 
are in bijection with the inputs of the associated vertex v. The vertex at level is 
labeled by an clement x G M whose inputs are in bijection with vertices at level 1. 

The structure of an /-tree with two levels r is fully determined by a set /q, 
whose elements represent the vertices at level 1 of r, together with a partition of 
the inputs / indexed by the vertices at level 1: 

The edges of the tree t connect each input i € / to the vertex v & Iq such that 
i G ly, each vertex at level 1 to the vertex at level 0, and the vertex at level to 
the output 0. To an /-tree with two levels r, we associate the tensor product 

t{M,N) = M(/o) ® {(g) N{I,)}. 

veio 

Define an isomorphism of /-trees with two levels as a bijection between the 
sets of vertices at level 1 such that the partition / = U^gj^ Iv of the tree inputs is 
preserved. Naturally, an isomorphism of /-trees with two levels 6 : a ^ t induces 
an isomorphism of dg-modules : a{M, N) t{M, TV). 

Lot S2(/) denote the groupoid formed by /-trees with two levels. The dg- 
module (M o N){I) is defined by a sum 

(Mo7V)(/)= t{M,N)/ = 

reH2(/) 

over S2 (/) divided out by the action of isomorphisms. 

Any bijection u : I ^ J induces a groupoid isomorphism : S2(/) — '^2{J) 
whose action consists in reindexing the inputs of /-trees. This isomorphism gives 
rise to a dg-module isomorphism 

: (M o N){I) ^ (M o N){J). 
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From this observation, we conclude that {MoN) (I) defines a functor on the category 
of finite sets and bijections and hence forms a S*-object naturally associated to M 
and N. 

In the literature, the composition product MoN is usually defined without 
any reference to tree structures. Nevertheless, the reader can check easily that the 
definition of this paragraph is strictly equivalent to other standard definitions. The 
existence of coherent associativity and unit isomorphisms 

{MoN)oP ^ M o{N oP) and M o \ ~ M ~ \ oM 

is well known and can be checked by an easy inspection (see for instance [21, §1.8]). 

1.1.3. The composition product of an operad. The elements of (M o N){n) = 
(M o A^)({1, . . . , n}) represent formal composites w ■ x{yi, . . . , y^), where w is a 
permutation of {1, . . . ,n} which shares out the inputs of the composite between 
the factors yi, . . . G N. These formal composites w ■ x{yi, . . . ,yr) satisfy E*- 
invariance relations which are encoded in the definition of (M o N) . Therefore the 
equivariance axioms of operads imply readily that the composition products of an 
operad 

P(r) ® P(ni) ® • • • (g) P{nr) ^ P{ni H + n^) 

assemble to a morphism of E, -objects /i : P o P ^ P which maps the formal com- 
posites w ■ p{qi, . . . , Qr) G P o P to their evaluation in P. 

In the paper, we essentially use the intuitive representation of the composition 
product /i : P o P ^ P. 

The partial composites w-po^q — w ■p{l^ . . . , . . . , 1) are associated to tensors 
of the form 




in our representation of P o P. 

1.1.4. Free operads. Let O denote the category of operads. Let A4 denote 
the category of I]*-objects. We have an obvious forgetful functor U : O ^ M. 
This functor has a left adjoint f : Ai ^ O which maps any S*-object M to a 
free operad F(M) generated by M. This free operad is endowed with a natural 
morphism rj : M —>■ F(M) and is characterized by the usual adjunction relation, 
namely: any morphism / : A/ — > P toward an operad P has a unique factorization 



M ■ 



f 




F(M) 



such that </)/ is a morphism of operads. 

A monad on E^-objects is defined by the functor underlying the free operad F : 
Ai Ai together with the natural transformation rj : M F(A/), which represents 
the universal morphism of the free operad, and the natural transformation : 
F(F(M)) F(M) associated to the identity morphism id : F(M) F(M) by 
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the universal property of the free operad. According to ^S, Proposition 1.12], the 
category of operads is isomorphic to the category of algebras over F, the structures 
formed by a -object P together with a morphism A : F(P) — > P which satisfy 
natural unit and associativity relations with respect to the monad structure of F. 
To produce the morphism A : F(P) P which provides any operad with the 
structure of an algebra over F, we simply apply the universal property of the free 
operad to the identity morphism id : P — s- P 

In the next subsection, we review an explicit construction of the free operad 
F(M) but we do not address the monadic structure alluded to in this paragraph: 
in view toward applications of §|j3][5l we rather make explicit a reduced version of 
this structure. 

1.2. Augmented operads, connected operads and tree composites. 

The unit -object I inherits an obvious operad structure and represents the initial 
object of the category of operads. By a natural extension of usual terminologies 
of algebra, an operad P equipped with an augmentation morphism e : P — > I, 
which makes P an object of the category of operads over I, is called an augmented 
operad (see [l^, Definition 20]). The kernel of the augmentation morphism of an 
augmented operad, for which we adopt the notation P — ker(e : P — > I), is called 
the augmentation ideal of P. The unit morphism and the augmentation of an 
augmented operad yields a natural sphtting P — I 0P. 

In this subsection, we study the composition structure of augmented operads. 
First, we review an explicit definition of the free operad F(Af) generated by a S*- 
object M and we observe that F(M) has a natural splitting F(M) = l©F(Af). 
Then we check that the functor F(M) inherits a natural monad structure and we 
prove that the composition structure of an augmented operad P is part of a total 
composition product A : F(P) — ^ P which makes the augmentation ideal of P an 
algebra over the monad F. 

From this observation, we obtain that the structure of an algebra over F includes 
an augmented operad structure. In the converse direction, one observes that the 
total composition product A : F(P) — > P of an algebra over F is fully determined by 
the composition structure of an operad. Hence, we have an equivalence of categories 
between algebras over F and augmented operads. 

For our needs, we revisit the proof of this equivalence of categories, already 
defined in [iO, §5] (we also refer to [1, Proposition 1.12] and 0, §1.2] for the analo- 
gous case of unaugmented operads) . The main novelty of our approach lies in the 
observation that the composite E*-object Po P embeds into the free operad F(P). 
This argument is used crucially in fJSl where we define and study cylinder objects 
in the category of operads, and motivates the review of this subsection. 

The free operad F(M) is defined intuitively as a dg- module spanned by formal 
composites of generating operations x € M. These formal composites are repre- 
sented by tensors arranged on vertices of a tree. First of all, we define the tree 
structures which occur in this representation of f{M). For that purpose, we adapt 
definitions of [1^ §2]. The same formalism is used in 0, §3]. 

1.2.1. Tree structures. Let / be any finite set. An /-tree refers to an abstract 
oriented tree with one outgoing edge, whose target is usually denoted by 0, and 
ingoing edges, whose sources are indexed by /. Formally, the structure of an /-tree 
T is defined by a set of vertices V{t), a set of edges E{t), together with a source 
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«2 is H 




ei 





Figure 1. 

map s : E{t) — > V{t) 11 / and a target map t : E{t) V{t) 11 {0} such that the 
foUowing properties hold: 

(0) each vertex v £ V{t) is comiected to the output by a chain of edges 



so that V — s(ei), t{ei) — 5(62), . . . , t(e;_i) = s{ei) and t{ei) — 0; 

(1) for each i G I, there is one and only one edge e £ E{t) such that s(e) = i; 

(2) for each vertex v e V{t), there is one and only one edge e G E{t) such 
that s(e) = v; 

(3) there is one and only one edge e G such that t(e) = 0. 

As an example, the tree of figure [1] has V{t) = {vi, . . . ,^5} as vertex set, E{t) = 
{ei, . . . , eii} as edge set and / = {ii, . . . , i^} as input set. In this graphical rep- 
resentation of a tree, the edges e are represented by an arrow oriented from their 
source s(e) = u to their target t{e) = v. 

The set of /-trees, denoted by 6(/), is equipped with a natural groupoid struc- 
ture. Formally, an isomorphism of /-trees : cr —> r is defined by bijections 
9v ■ V{a) V{t) and 6e ■ E{a) — > E{t) preserving the source and target of 
edges. 

1.2.2. The dg-module of tree tensors. The inputs of a vertex v € V(t) in an 
/-tree t is the set /„ C V{t) 11 / formed by the source s(e) of the edges such 
that t{e) = V. In the example of figure [U we have /^j — {ii, W2, tis, W4}, 1^2 — 0, 
Ivs = {"5}, = {ib,^} and /^^ = {i2,«3,«4}- 

To a S, -object M, we associate the dg-module 

TiM)^ (g) M(/,), 

v£V(t) 

spanned by tensor products 0^ Xy whose elements a;„ are represented by a labeling 
of the vertices of r. The inputs of a label Xy € M{Iy) are in bijection with the 
inputs of the associated vertex v by definition of the dg-module M{Iy). 
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Naturally, an isomorphism of /-trees 9 : a ^ t induces an isomorphism of 
dg-modules 6*, : a{M) -> t{M). 

1.2.3. The construction of free operads. The term F(Af)(/) of the free operad 
F(M) is defined explicitly by the sum 

F(Af)(/)= r(Af)/^ 
ree(/) 

over the set of /-trees 6(/) divided out by the action of isomorphisms. Naturally, 
any bijection u : I —> J induces a groupoid isomorphism : Q{I) —> 6 (J), whose 
action consists in reindexing the inputs of /-trees, and this isomorphism gives rise 
to a dg-module isomorphism 

: F(M)(/) ^ F(M)(J), 

so that the collection of dg-modules F(M)(/) defines a functor on the category of 
finite sets and bijections between them. 

The unit morphism 77 : I F(A/), identifies 1(1) = k with the summand of F(A/) 
associated to the 1-tree with no vertices 

1 

1 ^ ; 



for which we have an identity | (A/) = k. The elements of the composite F(A/) o 
F(A/) consist of tree tensors arranged on the vertices of a big tree. From this rep- 
resentation, we see readily that an element of F(A/) o f{M) is identified with a 
tree tensor formed on a big tree equipped with a partition into (possibly empty) 
small trees arranged on two levels. Hence, we have a natural composition product 
fi : F(A/) o F(A/) F(A/) which simply forgets the extra partition and level struc- 
ture. The morphisms : I ^ F(A/) and /i : F(A/) o f{M) F(A/) satisfy visibly 
the unit and associativity axioms of operads. Hence, we have a well defined operad 
structure on F(Af). 

For the /-tree with one vertex 

ii ■ ■ ■ in 

\ 



we have a natural isomorphism ^(M) ~ M{I). This isomorphism determines the 
canonical morphism of S^-objects 

T]-. M ^ F(A/) 

associated to the structure of the free operad. In the sequel, we use this morphism 
to identify M with a summand of F(A/). 
We still have to check: 

1.2.4. Proposition (see [1, Proposition 1.10] and [9, §1.2]). The operad f{M) 
together with the canonical morphism rj : M F(A/) satisfies the universal property 
of free objects (^ pTTTp . □ 

This proposition is established in the references. On the other hand, we prove 
by independent arguments that (augmented) operads are equivalent to algebras 
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over the monad F (defined next) formed from the augmentation ideal of F. Propo- 
sition [123] can be obtained as a byproduct of the construction of this equivalence. 
Therefore the reader can extract a complete proof of proposition 1 1 . 2 . 41 from expla- 
nations of the next paragraphs. 

1.2.5. The augmented structure of the free operad. The groupoids of /-trees 
admit a natural splitting — 6r (/), where Qr{I) consists of /-trees t whose 
vertex set V{t) has r elements. From this observation, we deduce that the under- 
lying E^-object of the free operad F(A/) inherits a splitting F(A/) = Fr(A/), 
where Fr(A/) consists of summands r(M) such that t G Qd{I)- 

Note that Oo(/) is reduced to the unit 1-tree with no vertices if the input 
set / is reduced to 1 element and is empty otherwise. Hence we have Fo(A/) — I. 
The projection onto this summand Fo(M) — I defines clearly an operad morphism 
e : F(M) I so that F(A/) forms an augmented operad (see also 0, §4] for this 
observation). The augmentation ideal of F(M) satisfies 

F(M)= t{M)/ = 

where 0(/) = IJr>o '^d{I) is the set of /-trees with a non-empty set of vertices. 

Note that 6i(/) is reduced to the isomorphism class of the one- vertex tree tp 
of ijl.2.31 Hence, we also have an isomorphism M ~ Fi(A/) and the universal 
morphism of the free operad rj : M ^ F(M) identifies the E*-object M with that 
summand Fi(M) C F(M). 

1.2.6. The reduced monadic structure of the free operad. In this paragraph, we 
give, after (20| . §5], a direct definition (without referring to the universal property 
of free objects) of a monad structure on the augmentation ideal of the free operad 
F(M). 

The isomorphism M(I) ~ ■0(M) of §1.2.31 a-nd the universal morphism of 
the free operad rj : M ^ F(M), identifies the S*-object M with a summand 
of F(A/) C F(A/). The inclusion of this summand M = Fi(A/) into F(M) defines 
the monadic unit 

rj-.M^ F(A/). 

An element of the composite construction F(F(A/)) consists of non-empty tree 
tensors arranged on the vertices of a tree. From this representation, we see that 
an element of F(F(M)) amounts to a tensor arranged on a big tree equipped with 
a partition into non-empty small trees. We have a natural monadic product 

M : F(F(M)) ^ F(M) 

which simply forgets the partition structure to retain the structure of the big tree 
only. This process is displayed in figure 11.2.61 

The morphisms r] : M ^ F(A/) and fi : F(F(A/)) F(A/) satisfy visibly the 
unit and associativity axioms of monads. Hence, we have a well defined monad 
structure on the functor f : M A4. 

From the definition, it appears that the structure of an algebra over F is fully 
determined by a collection of dg-module morphisms At : t(P) P(/), t G 0(-f)j 
commuting with the action of /-tree isomorphisms, with reindexing bijections, and 
so that: 

(1) for the one- vertex tree "0, the morphism 

: ^(P) ^ P(/) 
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t J 



k I 





Figure 2. 



reduces to the canonical isomorphism P(/) ~ i/'(P) of iil.2.31 

for any partition of a tree t into smaU nonempty subtrees Ty arranged on 

a big tree a, the composite 



r(P)^a(P) -P(/), 



where (t(A*) refers to the evaluation of the morphisms Ar^ : Ty{P) 
on the components of t, agrees with : t(P) 
1.2.7. Tree associativity and partial composition products. The associativity re- 
lations ^ yielded by trees with three vertices are represented in figures ([3]|4]). In 
these representations, the tree composition product A* : t(P) P(/) is applied to 
each framed subtree. 

The composites over trees with two vertices 





provide an algebra over the monad F with composition operations 

oe : P(/)®P(J) ^ P(/\{e}U J). 

In the formalism of §!.!( these composition operations, which arise from the struc- 
ture of an algebra over F, represent partial composites w ■ p Oe q, where w is a 
permutation which corresponds to the sharing of indices. Note that: 

1.2.8. Observation. The associativity relations oj figures are equivalent 
to the associativity relations of the partial composition products of an augmented 
operad. 

Thus the structure of an algebra over F includes partial composition operations 
of an augmented operad structure. In a converse direction: 

1.2.9. Lemma (see d, §1.2]). Let P be any Yi^-object equipped with partial com- 
position operations Og : P(r) ^ P(s) — > P(r + s — 1), e = 1, . . . , r. 
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Figure 3. 



(1) If we assume the equivariance axioms of partial composites of augmented 
operads, then these operations amount to composites \t : t(P) — ^ P(^); 
where t £ 02(-^) ranges over trees with two vertices. 

(2) If the associativity axioms of partial composites of augmented operads hold 
in P, then we have a unique collection of tree composition products Xr '■ 
t(P) P(-^),. £ 6>(^); extending these two-vertex tree composites and 
such that properties (Tj[W of ^1-2. 61 hold. 

Proof (sketch). The associativity properties of §1.2.61 imply that the com- 
position product over any tree r is determined by a decomposition into composition 
products over trees with two vertices. 

The composition product over a subtree with two vertices is equivalent to the 
contraction of an internal edge of t. The decompositions of a tree composition 
product Xr : t(P) P(/) into composition products over trees with two vertices 
are associated to orderings of the internal edges of r. Observe that all orderings yield 
the same composition product Xt : t{P) — > P(/) whenever we have the associativity 
relations of figures ([3]l4]) for three-fold composites. 
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ji ■ • ■ js ki ■■■ kt 




Figure 4. 



From this coherence property, we deduce readily that the decomposition process 
provides the object P with a well-defined and uniquely-determined structure of an 
algebra over F. □ 



To summarize, observation 11.2.8] and lemma [T . 2 . 91 give : 

1.2.10. Proposition (see 9, §1.2] and 0, Theorem 40]). The structure of an 
ra over F amounts to a collection of operations 

Oe : P(r) P(s) ^ P(r + s - 1), e = 1, . . . , r, 

such that the equivariance and associativity relations of operadic partial composites 
hold. □ 

In the next paragraphs, we check that the structure morphisms 

A, : r(P) ^ P(/) 

include all components of an operadic composition product /z : P o P ^ P as natural 
summands, and not only partial composites. This approach is used in ij5.1l (in a dual 
context) for the definition of the explicit cylinder object associated to an operad. 

To begin with, we rephrase the definition of the composition product : P o P — > 
P of an augmented operad P in terms of a composition structure on the augmenta- 
tion ideal of P. 
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1.2.11. Trees of height 2. Define the height of a vertex v in a tree t as the 
length I of the unique chain of edges 



V > Vi > 



Vl-1 



which connects the vertex to the output of the tree. Define the height of a tree r 
as the maximal height of vertices v e V{t). By definition of a tree structure, the 
source of the outgoing edge of a tree t is the unique vertex of height 1 in r. 

The set of /-trees of height h, for which we adopt the notation forms 
clearly a subgroupoid of the groupoid of /-trees 0(/). These subgroupoids 'I'/i(/) 
are also preserved by the action of bijections m : / — > J. 

In ijl.1.21 we define composite E^-objects as dg-modules of tensors arranged 
on trees with two levels of vertices. The structure of an /-tree with two levels, 
as defined in iil.l.2i is equivalent to an /-tree t equipped with a decomposition 
V{t) — Vo{t)]I Vi{t) of the set of vertices V{t) such that Vq{t) is reduced to the 
source vq = s(e) of the outgoing edge of the tree (the edge e such that t{e) — 0), the 
inputs of Vq are given by the vertex set I^o — Vi{t) and we have 1^ C I for every 

V G Vi{t). The component T^i(r) represents the subset of vertices at level « = 0, 1. 
Each vertex v G Vi(r) has height 2. Finally, a tree with two levels of vertices can 
be identified with a tree of height 2 such that every ingoing edge targets to a vertex 

V of height 2. 

1.2.12. The composition structure of augmented operads. Recall that we adopt 
the notation S2 (/) for the groupoid of /-trees with two levels of vertices. According 
to the definition of i )1.1.2[ we have 



PoP(/)= e(P,P)/ 



«eH2(/) 



Any /-tree r of height 2 has a completion r £ ^2 {!) defined by the insertion of 
unital vertices — — ^ edges e going directly from a tree input s(e) = i to 

the vertex of height 1 of r. A tree tensor m G t(P) is naturally associated to a two 
level tree tensor ui G t(P, P) in the sense of iil.1.21 just label the added vertices 
— KT) — ^ by unit elements 1 E 1(1). 

Graphically, we have a morphism r(P) r(P, P) which associates the two level 
tree tensors of the form 
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to the tree tensors 




where p gP and qi,. . . ,qr € P. 

Note that a tree of height 2 has at least one vertex of height 2. Accordingly, 
for an augmented operad P equipped with a splitting P = I ©P, we have an identity 

PoP(7)=i8(l)(7)©/(P)©V«(P)©{ t(P)/^}, 

re*2(/) 



where: 



the summand J," — 1(1) consists of two level tree tensors of the form 

i 



the summand '^''(P)(/) ~ P(/) consists of two level tree tensors of the 
form 



i 



P 

T 

■0- 



for an element p G P{I), 

the summand tjj^{P){I) ~ P(/) consists of two level tree tensors of the 
form 



«1 

\ 




1 


p 




\ 





1 




1 




■0- 



for an element p € P{I), 

and the other summands are associated to /-trees of height two r e ^2{I)- 
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The summand V-'^(P) is identified with the image of the composite S*-object 
P ~ P o / in Po P, the summand ^"(P) with the image of P ~ / o P, and (I) 
with the image of / o /. The composition product /i : P o P — > P is determined 
on these summands by the unit axiom of operads. Therefore, we obtain that the 
composition structure of an augmented operad P can be determined by a coUection 
of morphisms A : t(P) P(/), included in the structure of an algebra over the 
monad F, where r runs over trees of height 2. 

We have moreover: 

1.2.13. Lemma. The tree composition products A : t(P) P(/), t e '^2(1), 
included in the monad action A : F(P) — s- P, determine an operadic composition 
product /i : P o P — > P for which the associativity property of m.2. 61 holds. 

Proof (sketch) . The elements of the composite P o P o P can be represented 
by tensors arranged on trees with three levels ^ G 23(1). The associativity of fi 
amounts to the identity of morphisms ^(P,P,P) ^ P(^), where ^(P,P,P) is the 
module of tree tensors associated to ^ G 23(1). 

The splitting of i jl.2.12l can be extended to the modules of tree tensors ^(P, P, P) 
and the associativity of the composition product /i : P o P P reduces to the 
associativity property of HI. 2. 61 □ 

Hence: 

1.2.14. Proposition. The structure of an algebra over F includes an augmented 
operad structure. □ 

Note that we retrieve the representation of partial composition products if we 
apply the construction of §1.2.121 to trees with two vertices (which belong to the 
set of trees of height 2). Hence, the equivalence of proposition I1.2.1U1 and the 
implication of proposition 11.2.141 give finally: 

1.2.15. Proposition (see [l^, Theorem 40] or [1, Proposition 1.12]). We have 
an equivalence between the category of algebras over F and the category of augmented 
operads. □ 

This proposition is established by other arguments in . 

1.2.16. Connected operads. To ensure good homotopical properties, we restrict 
certain operadic constructions to operads P such that P(0) = and P(l) = k. Such 
operads are called connected. The category of connected operads is denoted by d. 

Any connected operad comes equipped with an augmentation e : P — > I , simply 
given by the identity of P(l) = 1(1) = k in arity 1, and a morphism of connected 
operads commutes automatically with this augmentation. Obviously, the augmen- 
tation ideal of a connected operad is defined by: 



P(n) 



0, ifn = 0,l, 
P(7i), otherwise. 



Let A^i be the category formed the category of S*-objects M such that A/(0) = 
M(l) = (we say that M is reduced). The free operad F(M) associated to a S*- 
object M is connected if and only if M S The restriction of the free operad 

to Ail defines clearly a left adjoint of the functor {—)^ : Oi Mi which maps a 
connected operad P to its augmentation ideal P. Moreover, the augmentation ideal 
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of the free operad f : A4 ^ A4 restricts clearly to a monad on A^i so that the 
category of algebras over F is equivalent to the category of connected operads. 

1.3. The homotopy of operads in dg-modules. The purpose of this sub- 
section is to recall the definition of the model structure of operads in dg-modulcs. 

The applications of homotopical algebra to operads in dg-modules go back 
to @]. In this reference, the authors deal with operads and algebras in non- 
negatively graded dg-modules over a field of characteristic zero. The generalization 
of the definition of M, S4] in the context of unbounded dg-modules over a ring is 



addressed in . In [2, |25| , the authors study applications of homotopical algebra 
to operads in the axiomatic setting of symmetric monoidal model categories, which 
include the example ofdg-module categories. 

The articles [1, H, IllLlist can be used as references for the recollections of this 
subsection. For applications of model structures to algebras over operads, we also 
refer to the book [y]. 

1.3.1. Adjoint model structures. The model structure of the category of operads 
is an instance of a model structure produced by adjunction from a well-defined 
model category. 

In general, we have an adjunction F : X ^ A : U , such that A:" is a cofibrantly 
generated model category and ^ is a category equipped with colimits and limits. 
Define classes of weak-equivalence, cofibrations and fibrations in A by: 

- the weak-equivalences, respectively fibrations, are the morphisms / S 
Mor^ which are mapped to weak-equivalences, respectively fibrations, 
by the functor U : A ^ X (we say that the functor U : A ^ X creates 
weak-equivalences and fibrations in A); 

- the cofibrations are the morphisms which have the right lifting property 
with respect to acyclic fibrations. 

In good cases, this definition provides the category A with a well-defined model 
structure, for which all axioms hold without restriction. In less good cases, the 
axioms of model categories hold provided that we restrict applications of the lifting 
and factorization axioms to morphisms with a cofibrant domain. In this situation, 
one says that A forms a semi- model category (see 14]). The axioms of semi- model 
categories are enough for most constructions of homotopical algebra. 

In all cases, the morphisms F{i) : F{C) F{D) such that i ranges over the 
generating (acyclic) cofibrations of X define a set of generating (acyclic) cofibrations 
in A. 

1.3.2. The model structures of "E^-objects and operads. To define the model 
structure of the category of operads, we use a composite adjunction 

S.®- F 

CN M O , 
V u 

where refers to the category of N-graded collections of dg-modules. 

The functor V : A4 ^ C^^ simply forgets the action of symmetric groups and 
maps a S^-object M to the underlying collection of dg-modules {M(n)}„gN G C^. 
The functor S* (g) — : ^ Al, adjoint to V, maps a collection X G to the 
S*-object such that (E* (gi K){n) = S„ (g K{n). The functors f : M ^ O : U are 
the free operad and forgetful functors, whose definition is reviewed in § §1.1111.21 
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The category C has an obvious model structure for which a morphism / : 
if — !■ L is a weak-equivalence (respectively, cofibration, fibration) if and only if all 
its components / : K{n) —>■ L{n), n G N, are weak-equivalences (respectively, cofi- 
brations, fibrations) of dg-modules. Moreover, we have an obvious set of generating 
(acyclic) cofibrations in C^. 

According to [HI, (see also [^, §11.4, §12.2]), the application of the construc- 
tion of ijl.3.1l to the adjunctions ^ A4 ^ O gives the following results: 

Fact (see for instance @, §11.4]). The category of 'E^.-objects M. inherits a 
full model structure such that the forgetful functor V : Ai ^ C^^ creates weak- 
equivalences and fibrations. 

Fact (see [lll.[25|). The category of operads O inherits a semi-model structure 
such that the forgetful functor U : O —> M creates weak- equivalences and fibrations. 

Usually, we say that an operad morphism / : P — > Q is a -cofibration if its 
image under the forgetful functor U : O ^ A4 defines a cofibration in the category 
of I]*-objects and an operad P is I],-cofibrant if the initial morphism : I — » P 
is a I]»-cofibration. Similarly, we say that a morphism of S]*-objects / : P ^ Q 
is a C-cofibration if its image under the forgetful functor V : Ai ^ defines a 
cofibration in C^. 

According to [2^, the forgetful functor U : O ^ Ai maps cofibrations with a 
E:»-cofibrant domain to cofibrations. Hence, any cofibrant operad is automatically 
S*-cofibrant. The forgetful functor V : A4 preserves cofibrations too. 

1.3.3. The restriction of model structures to the subcategory of connected oper- 
ads. The construction of §1.3.1l can also be applied to the adjunction 



between reduced -objects and connected operads. In fact, the category of con- 
nected operads Oi inherits the weak-equivalences (respectively, cofibrations, fibra- 
tions) / S Mor Oi such that / forms a weak-equivalence (respectively, a cofibration, 
a fibration) in O. The category of reduced -objects itself A4i forms naturally a 
model subcategory of the category of S^-objects A4. 

The whole axioms of operads hold in the subcategory of connected operads 



1.3.4. Generating cofibrations. For the sake of completeness, we review quickly 
the definition of generating (acyclic) cofibrations in C^, in the category of -objects 
Ai and in the category of operads O. 

The category of collections C'*' and the category of E»-objects A4 are naturally 
tensored over the category of dg-modules. In both cases, the tensor product of an 
object M with a dg-module C is defined by the obvious formula 



f -.Aii^Oi-.U 



(see i). 



(C® Af)(n) 



C®A/(n), forneN. 



The objects Gr G C such that 
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are in an enriched sense generators of the category of collections C^. The associated 
S*-objects E* (g) Gr, also defined by the formula 




if n = r, 
otherwise, 



where k[Er] represents the regular representation of Ej., arc generators of A4. 

The category is equipped with generating (acyclic) cofibrations of the form 

i (g) Gr ■■ C (g) Gr D (g) Gr, 

where i range over generating (acyclic) cofibrations of dg-modules. By construction, 
the morphisms of E*-objects E, (z (g) Gr) associated to these generating (acyclic) 
cofibrations i (g Gr are the generating (acyclic) cofibrations of the model category 
of E«-objects. The morphisms of free operads F(E4, (g {i (g Gr)) induced by these 
morphisms T,^(g{i(gGr) form the generating (acyclic) cofibrations of the semi-model 
category of operads. 

The functor T,^gi— commiitcs clearly with the tensor product over dg-modules. 
Hence, we also have an identity E* eg) (i (g) Gr) = i g) (E* (g) Gr) for the generating 
(acyclic) cofibrations of the model category of E>j-objects. 

1.3.5. Cofibrant cell complexes of operads. In the next subsection, we review 
the notion of a quasi-free operad which gives an effective representation of the 
structure of cofibrant cell operads in dg-modules. 

For technical reasons, we consider an extended notion of cofibrant cell complex 
in the context of operads: in our constructions, we get morphisms j : P — > Q which 
splits into composites 



P = Qo ^ > Qa-1 ^ Qa ^ ^ colimQ^ = Q 



A 



of pushouts 



F(Ma) ^ Qa-1 



F(u) 



HNx) >Qa 

such that ix : Mx Nx is any cofibration of E»-objccts and not necessarily a 
direct sum of generating cofibrations. Recall that the class of cofibrations in a 
semi-model category is closed under pushouts and composites. Observe that any 
morphism of free operads F(i) : F(M) F(A^) induced by a cofibration of E*- 
objects i : M —>■ N forms a cofibration in the category of operads (immediate by 
adjunction) to conclude that these generalized cell structures also define cofibrations 
of operads. 

Similar observations hold for acyclic cofibrations. 

1.4. Quasi-free operads. In short, a quasi-free operad is a dg-operad Q de- 
fined by the addition of a twisting homomorphism d : F(M) — > F(M) to the natural 

differential of a free operad F(M). The first purpose of this section is to review an 
explicit construction of the twisting homomorphisms of quasi- free operads. Then 
we prove that the quasi- free operads Q = {F{M),d) generated by a reduced and 
cofibrant E, -object M form cofibrant objects of the category of operads. 

For our needs, we also study morphisms of quasi- free operads 0/ : (F(M), d) — > 
{F{N),d) induced by morphisms of reduced E*-objects f : M ^ N. We prove 
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that 0/ is a cofibration (respectively, an acyclic cofibration) of operads if / is a 
cofibration (respectively, an acyclic cofibration) of S*-objects. 

1.4.1. Homomorphisms ofE,,- objects. The category of E^-objects is naturally 
enriched over the category of dg-modules, with as homomorphisms / G Hotum {M, N) 
the collections of homomorphisms of dg-modules 

/ e HomciM{n),N{n)), n £ N, 

that commute with the action of permutations. The differential of a homomor- 
phism in HorriM [M, N) is defined termwise by the differential of the dg-homs 
HomciM{n),N{n)), n G N. 

Obviously, a morphism of -objects is a homomorphism of degree such 
that 5{f) = 0. Homomorphisms which are not morphisms occur naturally in the 
constructions of this subsection. 

1.4.2. Derivations of operads, twisted dg-operads and quasi-free operads. One 
says that a collection of homogeneous homomorphisms 

6 e Homc{P{n),P{n)), n G N, 

defines an operad derivation if these homomorphisms commute with the action of 
permutations on P{n) and satisfy the derivation relation 

r 

(*) dipiqi, 9r)) = 0ip)iqi, • ■ ■ , qr) +^p{qi, . . . , 0{q,), ...,qr) 

i=l 

for any composite p{qi, . . . , qr)) G P. 

By definition, the composition products of an operad in dg-modules : P(r) (g) 
P(ni)(8)- • •(X)P(rtr) P{ni+- ■ ■+nr) are morphisms of dg-modules. This assumption 
amounts to the requirement that the differentials of the dg-modules P{n) satisfy 
the derivation relation (*). The internal differential of each P{n) is also assumed 
to commute with the action of permutations P(n). Hence, the differentials of an 
operad consist of homomorphisms of degree —1 

6 : P{n) P{n) 

which satisfy the identity 6^ — and form an operad derivation. 

Clearly, the differentials S+d : P{n) P(n) obtained by the addition of twisting 
homomorphisms d G Homc{P{n),P{n)) to the internal differential of each P{n) 
define an operad differential if and only if d is an operad derivation. Thus, we 
obtain that a collection of twisted dg-modules (P,9) = {(P(n), 9)}„gN inherits an 
operad structure from P if and only if the twisting homomorphisms d form an 
operad derivation. 

A quasi-free operad is a twisted dg-operad of the form Q = (F(M),9), where 
P = F(M) is a free operad in dg-modules. 

1.4.3. Derivation of free operads. The derivation relation of §1.4.2l implies that 
any derivation d : F(M) F(M) on a free operad is determined by its restriction 
to M since a free operad F(M) is spanned by formal composites of elements of M. 

The purpose of this paragraph is to review the construction of a derivation da ■ 
F(Af) F(M) such that da\M = ct for a given homomorphism of -objects 
a : M ^ F(M). Since F(M) = 0„cr(M)/ =, the homomorphism a : M F(M) 
splits into a sum of homomorphisms aa- : M{I) cr(M), naturally associated to 
each /-tree a G 0(/). 
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Figure 5. 



The derivation da ■ F(M) F(Af) has a component da ■ t{M) 6{M) for 
each apphcation of a homomorphism ■ M{Iy) — > a{AI) to a vertex v oi a, tree r, 
and for each tree r € The tree 6 is defined by blowing up the vertex v into a 

within the tree r. 

Note that the input set of a is by assumption the input set 1^ of the vertex v 
in T. For convenience, we identify the output of a with the target of the edge 
Cy G E{t) such that s{ey) = v. 

FormaUy, the /-tree 9 is defined by the vertex set V{6) = V{t)\{v}Y[ ^(o") 
and the edge set E{e) = E{T)\{s~^{v}Ut~'^{v})Y[Eia). The source (respectively, 
the target) of an edge e in 6* is defined by the source (respectively, the target) of e 
in r if e G E{t) \ {s~^{v} U t~^{v}), by the source (respectively, the target) of e 
in (7 if e G E{a). An example is represented in figure O The tree a is the framed 
subtree of the right-hand side. 

We have identities 

t(M) = M{h) ® (r \ v){M) and 0{M) = (j{M) ®{9\ a){M), 
where we set 

{e\a){M) = {T\v){M)= (g) M(4), 

uev(T)\{v} 

and the component da '■ t{M) 9{M) of da is defined by the tensor product 
of aa ■■ M{Iy) ^ a{M) with the identity on {6 \ a){M) = (r \ v){M). Note that 
the homomorphisms da ■ t{M) — > 9{M) sum up to a well defined homomorphism 

0r(Af)^00(Af) 

F{M) F(M) 

essentially because we deal with finite trees and the homomorphisms aa- : M{Iy) 
a{M) are given as components of a well-defined homomorphism a : M —>■ F(M). 

We check easily that the homomorphism da defined by the construction of this 
paragraph forms an operad derivation. We have clearly da\M = en, because for an 
/-tree with a single vertex ^ the components of da reduce to an application of the 
homomorphisms a^y- 

Since we observe at the beginning of this paragraph that the relation dalm — ol 
fully determines the derivation da '■ F(A/) F(M), we obtain finally: 
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1.4.4. Proposition. We have a bijective correspondence between operad deriva- 
tions da ■ F(M) — s- F(M) and homogeneous homomorphisms a : M F(M) such 
that da\M = OL. □ 

For our needs, we also record: 

1.4.5. Proposition. The operad derivation da ■ F(Af) F(M) associated 
to a homomorphism ofS^- objects of degree —1 satisfies the equation of a twisting 
homomorphism 5{da) + = if and only if we have the identity S{a) + da ■ a = 
in HomM{M, F{M)). 

Proof. Straightforward inspection from the exphcit definition of the deriva- 
tion da- □ 

1.4.6. Homomorphisms on free operads. By definition of the free operad, we 
have a bijective correspondence between operad morphisms 0^ : F(M) — > P and 
morphisms of S, -objects / : M — > P such that 0/|m — /• For a morphism 
toward a free operad f : M ^ F(A^) and such that f{M) C N , this morphism 
(jif : F(Af) F(A^) is identified with the morphism associated to / : M — > by 
the free operad functor f : Ai O. 

The correspondence f ^ (pf has an obvious extension to homomorphisms of 
degree 0. The homomorphism 0/ : F(Af) P associated to a homomorphism 
f : M ^ F(M) is represented by a composite 

F(M) ^ F(R) ^ R, 

where A ; F(R) — > R represents the universal composition product of the operad R. 
Note simply that, according to the explicit construction of the free operad in iil.2.3[ 
the free operad functor F(Af) has a natural extension to homomorphisms of E*- 
objects of degree 0. 

For a quasi-free operad, we obtain: 

1.4.7. Proposition. Let Q = (F(M),9q,) be a quasi-free operad. Let R be any 
operad. We have a bijective correspondence between the operad morphisms 

if{M),da)^R 

and the homomorphisms of degree 

/ e HomM{M, R) 

.such that d{f) = 4>f ■ a. 

Proof. The homomorphism (j)f : f{M) R associated to a homomorphism 
/ : M ^ R of degree preserves composition products by construction. The 
commutation oi (j)f with differential reads S ■ 4>f — (f>f ■ 6 + cf) ■ da- Use the explicit 
construction of 0/ and da to check that this equation is equivalent to the identity 
5(f) = (l)faiTiHomMiM,R). □ 

This proposition implies in a particular case: 

1.4.8. Proposition. A morphism of T,^- objects f : M ^ N defines a morphism 
between quasi-free operads 

{f{M),da)^{f{N),d0). 



p 
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if and only if we have the identity f3 ■ f — F(/) • a in HorriMiM , f{N)). 

Proof. In the equation of proposition ll.4.7[ the differential of / has to be 
replaced by the commutator {S + dp) ■ f + f ■ S ~ S{f) + P ■ f since the operad 
Q = {F{N),dis) is equipped with the differential 6 + 8/3 : F{N) F{N). Observe 
that S{f) = since / is supposed to form a morphism of E*-objects in dg-modules. 
For a morphism f : M ^ N, we also have an identity (j)/ = F(/). Hence the 
equation of proposition 1 1 . 4 . 7l reduces to the identity /? • / = F(/) • a. □ 

1.4.9. The canonical filtration of a quasi-free operad. Recall that the underlying 
-object of the free operad has a natural splitting F(Af ) = ^r{M) such that 

F,(M)(/)= t{M)/^, 

where Qr{I) is the groupoid of /-trees with r vertices (see ijl.2.5p . We have more- 
over Fo(Af) = I and Fi(M) = M. The projection onto Fo(M) provides the free 
operad with a natural augmentation e : F(M) I such that F(M) = Fr(M) 
represents the augmentation ideal of F(M). 

Any homomorphism a : M — > F(M) admits a splitting a — X^J^o '^^ such 
that ar{M) C Fr(M), to which corresponds a splitting da ~ Y^T=o'^<^r of the 
operad derivation associated to a. We assume usually ag — 0, or equivalently 
a{M) c F(M). 

For a quasi-free operad Q — (F(M),9q), we also assume ax — 0, because 
M Fi(M) = M determine a twisting homomorphism of E:,-objects which can 
be embodied into the internal differential of M . These assumptions amount to the 
requirement a{M) C F>2(M), where we set F>2(M) = 0^>2 Fr(M). 

Let M<r be the E*-object such that 

M<r\n) = < 

I 0, otherwise. 

We study the suboperads F(M<r) C F(M). We aim to prove that these suboperads 
give a filtration of Q = (F(Af), da). 
To begin with, we observe: 

1.4.10. Lemma. Let da ■ F(Af) — > F(M) be a derivation of operads associated 
to a homomorphism such that a{M) C F>2(Af). If M is reduced, then we have the 
relation a{M<r) C F(Af<r-i). 

Proof. The assumption Af(0) = A'/(l) = implies that the object F(Af)(/) = 
®T6e(7) '''i-^)/ = reduce to summands r(Af) such that every vertex of r has at 
least 2 inputs. If t has at least 2 vertices and no more than r inputs, then this 
requirement implies that every vertex of r has strictly less than r inputs. Therefore 
we have a(A//) C F>2(A/) => a{M<r) C F{M<r-i). □ 

1.4.11. Lemma. Let Q = (F(Af),9) be a quasi-free connected operad such that 
d{M) C F>2(Af). The pairs Q<r = (F(Af<j.),9) form a nested collections of subop- 
erads ofQ such that Q = colim^ Q<r- Moreover, the embeddings jr ■ Q<r-i ^ Q<r 
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fit pushout diagrams 



^{B[0\®M(r))^^Q<_ 



(*) F(i[0]8MMJ 

F(£;[0]«.M(,))....^.....^Q<,_i 



where i[0] : B[Q\ E[Q\ is the degree generating cofibration of dg-modules and 
M(,.) is the Y,^,-object such that 



M{n), if n — r, 
0, otherwise. 



Proof. According to lemma [0. 101 we have a{M<r) C F{M<r-i) C F{M<r), 
from which we deduce the relation da{f{M<r)) C F{M<r) for the derivation asso- 
ciated to a. Hence we have a well-defined suboperad of Q = (F(M), da) defined by 
the free operad F(M<,.) and the restriction of the derivation da ■ F(M) — * F(Af) to 

We have by definition E[0] = ke ® kfe and B[0] = kb C E[0], for generating 
elements such that deg(e) — 0, deg(6) = —1 and S{e) = b. 

The homomorphism a : M{r) F(M<r-i), which has degree —1, yields a 
homomorphism of degree 

/:S[0]®M(,)-^F(M<,_i). 

The relation S{a) + da ■ a — implies {S + da) ■ f = f ■ 6, from which we deduce 
that / gives a well-defined morphism of E*-objects / : B[0] (E)M(^r) ~^ Q<r-i- Form 
the operad morphism (j)f : f{B[0] (g) M(r)) — > Q<, -i associated to /. 
Let 

g : E[0](g,M^,^ ^f{M<r). 
be the extension of the homomorphism 

B[0] ® M(,,) ^ f{M<r-i) ^ F(M<,.) 

defined by the canonical embedding of M{r) into F(M<r) on the summand ke (g) 
M(r)- One checks readily that g, like /, gives a well-defined morphism of E*-objects 
g : E[0] ® M(r) Q<r- We form the operad morphism 4>g : f{E[0] (g) M(,.)) Q<r 
associated to g. 

We have by construction g ■ F{i[0]i^ ^{r)) — jr ■ /■ Use the characterization of 
morphisms on quasi-free operads to check that the commutative square (*) formed 
by these morphisms is a pushout of operads. □ 

1.4.12. Theorem. Let Q = {f(M), da) be a quasi-free connected operad such 
that da{M) C F>2(A/). If M is Y,,:-cofibrant, then Q is cofibrant as an operad. 

Proof. Each object M(r) is S^-cofibrant if M is so (for instance, observe that 
M(r) forms a retract of M). From this assertion, we deduce that each morphism 
i[0] ® M(^) forms a cofibration of S*-objects, because the tensor product of S*- 
objects with dg-modules satisfies the pushout-product axiom of symmetric monoidal 
model categories (see Proposition 11.4.B]). Hence, the observations of i il.3.51 
imply that the morphism 77 : I — > Q forms a cofibration and the proposition follows. 

□ 
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1.4.13. Proposition. Suppose we have a morphism of reduced "E^-objects f : 
M ^ N which determines a morphism of quasi-free operads 



(F(Af),9„) 



F(/) 



(FW,9/3), 
Q 



for which we have a{M) C F>2(M) and P{N) C F>2(A'^). This morphism F(/) is a 
cofibration ( respectively, an acyclic cofibration of operads whenever f is a cofibration 
(respectively, an acyclic cofibration) of "E^- objects. 

Proof. This morphism F(/) preserves clearly the natural filtration of quasi- 
free operads. Thus we have a diagram of morphisms 




F(/) 



that can be patched together to give a decomposition of F(/) of the form: 



p = p V Q<c 



p V q<.-i^pVQ 

P<.-1 P<r 



<r 



colim P y Q<,. = Q . 



Observe that the morphisms jr which occur in this decomposition fit pushouts 



F(i;[0] ®iV(^)) 



PVp<,_,Q<r-l , 
.o.PVp,,Q<r 



where 



i[0]Df : E[0] M^r) ^[0] N^r) ^ £^[0] N^r) 

S[0]«iM(^) 



is the pushout-product of i[0] : B[0] E[0] and / : Af, 



(r) 



N, 



Observe that each morphism / : Af(j.) — » Nf^) forms a cofibration (respectively. 



(r) 



an acyclic cofibration) of E,,-objects if / is so (for instance, because / : Af(r) 



N, 



(r) 



forms a retract of / : Af iV in the category of S*-objects). Recall that the 
tensor product of -objects with dg-modules satisfies the pushout-product axiom 
of monoidal model categories (see [6|, Proposition 11. 4. B]). Thus the morphism 
«[0]*n/, forms a cofibration (respectively, an acyclic cofibration) of S^-objects if / 
is so. 

The conclusion of the proposition follows since (see i jl.3.5p : any morphism 
of free operads F(j) : F(Af) — > F(iV) induced by a cofibration (respectively, an 
acyclic cofibration) of S*-objects i : M ^ N forms a cofibration (respectively, 
an acyclic cofibration) in the category of operads (immediate by adjunction); the 
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class of (acyclic) cofibrations in a semi-model category is closed under pushouts 
and composites. □ 

2. The category of algebras associated to an operad 

The first purpose of this section is to review the definition of the category of 
algebras associated to an operad. 

The categories of algebras associated to S^-cofibrant operads inherit a semi- 
model structure from dg-modules. This model structure is defined in [8, §4] for 
algebras over operads in non-negatively graded dg-modules over a field of charac- 
teristic zero. The generalizations of the definition of ^ in the context of unbounded 
dg-modules over a ring are addressed in [11] and [2,, J^, . We review briefiy this 
definition. 

In the setting of [s^, the cofibrant objects are retracts of quasi- free objects of the 
category of P-algebras, for any operad P. In the context of unbounded dg-modules 
over a ring, we prove that the quasi-free P-algebras equipped with a good filtration 
are cofibrant P-algebras. 

2.1. The functors associated to Yi^-ohjects. To any -object Af, we associate 
a functor S{M) : C ^ C which maps a dg-module C G C to the dg-modulc of 
symmetric tensors with coefficients in M: 

oc 

5(M,C) =0(M(n)®C®")s„. 

In this expansion, the quotient by the action of symmetric groups S„ identifies the 
action of permutations on tensor powers C®" with the natural S„-action on M(n). 

The element of S{M, C) represented by the tensor x®ci®- ■ -(^Cn £ M(ri)(8)C®" 
is denoted by a;(ci, . . . , c„). The E„-coinvariance relation reads 

(wa;)(ci, . . . ,c„) = a;(c„(i), . . . ,c„(„)), 

for w G E„. The tensor a;(ci, . . . , c„) can also be represented by a tree with one 
vertex labeled by x whose inputs are labeled by the elements ci , . . . , G C: 



ci c„ 




T 



The I]„-coinvariance relation is encoded in the structure of the tree. 

Let T denote the category of functors F : C ^ C. The map S : M ^ S{M) 
defines clearly a functor S : M ^ Moreover: 

- the functor associated to the unit S^-object I is isomorphic to the identity 
functor Id, 

- the functor associated to a composite E*-object M o is isomorphic to 
the composite functor S{M) o S{N), 

- and the isomorphisms that give these relations S{\) ~ Id and S{M o 
N) ~ S{M) o S{N) satisfy natural coherence identities with respect to 
the associativity and unit isomorphisms of composition structures 

(see for instance the survey of §1]). To summarize these observations, one says 
that the map S : M i-^ S{M) defines a monoidal functor S : (TW, o, I) (JT, o. Id). 
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2.2. The category of algebras associated to an operad. An algebra over an op- 
erad P is a dg-module A together with S]»-invariant evaluation products 

(*) A : P(n) A®" A, neN, 

that satisfy natural unit and associativity relations with respect to the unit and 
composition product of P. The S^-invariance requirement implies that these evalu- 
ation products assemble to a morphism A : ^(P, A) —> A. The image ofp(8)ai(g)- ■ -(g) 
a„ G P(n) (g) A^^ under the evaluation product of A is denoted by p{ai, . . . , a„). 
Naturally, a morphism of P-algebras is a morphism of dg-modules f : A ^ B which 
preserves the evaluation products (*). 

Usual categories of algebras, like the category of associative and commutative 
algebras, the category of associative algebras, and the category of Lie algebras, are 
associated to operads (called the commutative operad C, the associative operad A, 
and the Lie operad L in the above-mentioned examples). 

2.3. Operads and monads. In fact, the functor S{P) : C ~> C associated to an 
operad P inherits a monad structure since the operad unit 77 : I — > P and the operad 
composition product /i : P o P ^ P induce functor morphisms 

Id ~ ^(1) ^ ^(P) and S{P) o Si?) ~ Si? o P) Si?) 

that still satisfy unit and associativity relations. For an algebra over P, the unit and 
associativity relation of the evaluation products (*) amount to unit and associativity 
relations with respect to the unit and composition product of the monad S'(P). 
Hence we obtain that the structure of an algebra over an operad P amounts to 
the structure of an algebra over the monad 5'(P) associated to P. Intuitively, the 
elements of 5'(P, A) represents formal composites p(ai, . . . , o„) and the morphism 
A : S{P, A) ^ A performs the evaluation of these composite elements. 

The relationship between operads and monads was a motivation for the original 



definition of an operad in [22| • The abstract interpretation of this relationship in 



terms of a composition structure on the category of E*-objects goes back to [24[. 

2.4. Algebras over augmented operads. For an augmented operad P, for which 
we have a splitting P = I ©P, the evaluation structure of a P- algebra A is fully 
determined by the action of operations of the augmentation ideal on A, because 
the unit operation 1 G P(l) is supposed to verify the identity 1(a) = a, for every 
a£ A. 

The associativity relation of a P-algebra structure is also implied by the iden- 
tities 

(p Oe q)(ai, . . . , Or+s-l) = p(ai, . . . , q{ae, . . . , Oe+s-l), ■ ■ ■ , Or+s-l), 

which only involve the action and the structure of the augmentation ideal of P. 
This representation of the associativity relation will be sufficient for our needs. 

2.5. Free algebras. The monadic definition of the structure of a P-algebra im- 
plies that the object P(C) = ^(P,^^) associated to a dg-module C G C represents 
the free P-algebra generated by C in the usual sense: we have a morphism of 
dg-modules 77 : C ^ P(C') which is universal in the sense that any morphism 
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/ : P(C) A toward a P-algebra A has a unique factorization 




such that (j>f is a morphism of P-algebras. The evaluation product of P(C) = 
S{P,C) is defined by the morphism 

^(P, ^(P, C)) 2± S{P o P, C) 5(P, C) 

induced by the composition product of P. The universal morphism i] : C P(C) 
is defined by the morphism 

C~5(I,C) ^^^5(P,C) 

induced by the unit of P. 

In principle, we adopt the notation P(C) to refer to the object S{P, C) equipped 
with this free P-algebra structure, but we keep the notation 5(P, C) for the under- 
lying dg- module of P(C). 

In the sequel, we use the canonical morphism r] : C —>■ P(C) to identify the dg- 
niodule C with a submodule of P(C). The formal composites p{ci, . . . , Cn) G P(C) 
of ii2. 31 represent the evaluation of operations p G P(n) on elements ci, . . . , c„ e C. 
The morphism of P-algebras (j)f : P(C) — > A associated to a morphism of dg- 
modules f : C A is given by the explicit formula 

0/b(ci, • . • ,c„)) =p(/(ci), . . . ,/(c„)), 

for every p(ci, . . . , c„) e P(C). 

2.6. The semi-model category of algebras over an operad. The category of alge- 
bras over an operad P is denoted by p C. The free P-algebra functor P(— ) : C p C 
defines a left adjoint of the obvious forgetful functor U : pC C The construc- 
tion of i il.3.11 is applied to the adjunction P(— ) : C ^ pC : U in order to provide 
the category of P-algebras with a model structure such that the forgetful functor 
[/ : P C — > C creates weak-equivalences and fibrations. The construction returns the 
following result: 

Fact. The category of P-algebras inherits a semi-model structure if the operad 
P is Ti^-cofibrant (see [7^ . [H/j, a full model structure if P is cofibrant as an 
operad (and in many other good cases, see H. [73. [711/). 

By construction, the semi-model category of P-algebras is cofibrantly generated 
by the morphisms of free P-algebras P{i) : P(C) — > P{D) such that i : C ^ D is a. 
generating (acyclic) cofibration of the category of dg-modules. The goal of the next 
paragraphs is to identify the cofibrant cell complexes of the category of P-algebras. 
In summary, we prove that these cofibrant cell complexes are quasi-free operads 
equipped with a good filtration. First of all, we review the definition of a quasi-free 
object in the category of algebras over an operad. 
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2.7. Derivations and twisted dg-algebras over operads. By definition, the eval- 
uation products A : P(r) ® A®'' A oi a, P-algebra in dg- modules A are morphisms 
of dg-modules. This assumption amounts to the requirement that the differential 
of A satisfies the derivation relation 

r 

(*) S{p{ai, . . ■,ar)) = S{p){ai, . . . ,0^) + ^ ±p(ai, • ■ ■ ,<^(ai), ■■■,ar) 

i=l 

Say that a homogeneous homomorphisms 9 G Home i^, ^) defines a P-algebra 
derivation if we have the relation 

r 

(**) 0{p{ai, Qr)) = ±p(ai, . . . , 9{ai), ...,ar) 

1=1 

for every composite p{ai, . . . , a^)) G A. 

Clearly, the differential S + d : A ^ A obtained by the addition of a twist- 
ing homomorphism d G Home {A, A) to the internal differential of a P-algebra A 
satisfies the derivation relation (*) if and only if 9 is a P-algebra derivation in the 
sense (**). Thus, a twisted dg-module {A, d) associated to a P-algebra A inherits a 
P-algebra structure if and only if the twisting homomorphism d forms a P-algebra 
derivation. 

2.8. Quasi-free algebras over operads. A quasi-free P-algebra is a twisted P- 
algebra (P(C),9) formed from a free P-algebra P(C). 

The derivation relation of H2.7\ implies that any derivation on a free P-algebra 
d : P(C) P(C) is determined by its restriction to the generating dg-module C. 
In the converse direction, we have a well-defined derivation da ■ P{C) P(C) 
associated to any homomorphism a : C — > P(C) and such that da\c = ct- This 
derivation is defined by the formula 

r 

da{p{ci, . . . , Cr)) = ^ ±p(ci, . . . , a(c,), • ■ • , Cr) , 
i=l 

for any element p{ci, . . . , c^) G P(C). Hence: 

2.9. Proposition. For a free P-algebra P(C), we have a bijective correspon- 
dence between derivations da '■ P(C') P(C') o-nd homomorphisms a : C 
P(C). □ 

By an easy verification, we obtain moreover: 

2.10. Proposition. The P-algebra derivation da ■ P(C) P(C) associated to 
a homomorphism a : C ^ P(C') of degree —1 satisfies the equation of a twisting 
homomorphism S{da) -\- da = if and only if we have the identity 

(*) (5(a) +da-a = 

in HomM{C,P{C)). □ 

In §2.2], a similar assertion is established for operads over a ring of charac- 
teristic 0. In this reference, equation (*) is replaced by a condition involving the Lie 
bracket [da, da] — 2dada, for a derivation da of degree 1. Naturally, the condition 
of is no more equivalent to (*) when 2-torsion occurs and we can not use the Lie 
bracket of derivations in our setting. 
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The formula (*) of §2.51 has an obvious extension to homomorphisms of degree 
and yields a bijection between the homomorphisms of degree 

/ e HorriMiC, A) 

and the homomorphisms 

: P{C) ^ A 

which commutes with the action of operations. For a quasi- free P-algebra, we have 
further: 

2.11. Proposition. Let (P(C),9q) be a quasi-free P-algebra. Let A be any P- 
algebra. We have a bijective correspondence between the morphisms of P-algebras 

{P{C),d^)^A 
and the homomorphisms of degree 

/ e HomMiC,A) 

such that d{f) ^ (pf ■ a. 

Proof. Easy from the explicit definition of da and 0/. □ 

The next proposition gives a motivation for the definition of quasi-free P- 
algebras: 

2.12. Proposition. Let A = (P(C),9q) be a quasi-free P-algebra. Suppose we 
have a filtration 

= Co • • • Ca • • • '-^ colimCA = C 

such that da{C\) C P(Ca-i) and each embedding i\ : Ca-i ^ C\ forms a cofihra- 
tion of dg-modules. Then A is cofibrant as a P-algebra. 

Proof. The assumption 

da{Cx) c P(Ca-i) C P(Ca) 

implies the existence of a nested sequence of quasi-free P-algebras A\ — (P(Ca), da) 
such that A = [J^ Ax- 

Recall that £^[0] is the dg-module such that E[Q] — ke®kb, where deg(e) = 0, 
deg(6) = —1, S{e) = b, and B[0] is the submodule of £'[0] spanned by b. The 
homomorphism a : Ca — > P(Ca-i), defined by the restriction of a : C ^ 
gives rise to a homomorphism of degree 

/a:B[0]®Ca^P(Ca-i). 

The relation (5(a) -\- da ■ a — implies that f\ forms a morphism of dg-modules 
fx : B[0] Ca — > A\^i and yields a morphism of P-algebras <j)f^ : P{B[0] (g) Cx) 
Ax-i. We also have a morphism of dg-modules gx ■ E[0] ® Cx Ax such that 
5A(e O c) = c e P(Ca), for each c & Cx and an associated morphism of P-algebras 
(bg, : P{E[0] ® Cx) Ax. 
Check that the square 

P{B[0] ® Ca-i) ^ P{E[0] ® Ca-i) 



P{B[0 



®Ca) ■■ >■ Ax^i 

't'fx 
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commutes and observe that 
P{B[0](E,Cx £;[0]®Ca„i) = P(B[0]®Ca) \/ P(£;[0] Ca-i) 

S[0]®Ca_i P(B[0]®Ca-i) 

to deduce that {4>fxi4'gx-i) defines a morphism of P-algebras 

S[0]®Ca-i 

Each embedding jx '■ Ax-i —>■ Ax fits a commutative square 



p(»[o]mA) 
P(£;[0 

where 



® Ca) ■ >- Ax 



m ®Cx E[0] ® Ca-1 Ca 

B[0]®Ca-i 

represents the pushout-product of i[0] : B[0] E[0] and ix ■ Cx~i Cx- By 
an easy verification, we see that these commutative squares form pushouts in the 
category of P-algebras. 

The pushout-product axiom imphes that i[0]niA forms a cofibration of dg- 
modules. By adjunction, we obtain that P(z[0]niA) forms a cofibration in the 
category of P-algebras. Since cofibrations (with a cofibrant domain) are stable 
under pushouts in semi-model categories, we obtain that each jx forms a cofibration 
of P-algebras, from which we conclude that A is cofibrant as a P-algebra. □ 

2.13. Endomorphism operads. Let C G C be any dg-module. The collection 
of dg-modules Endcin) = HoniciC^^ ,C) inherits a natural operad structure and 
defines the endomorphism operad of C. 

The structure of a P-algebra A is equivalent to a morphism of operads (f> : 
P End A, because the evaluation morphisms of a P-algebra \ : S{P,A) ^ A are 
adjoint to morphisms of dg-modules 4> : P{n) — > Homc{A^^^ , A) preserving operad 
structures. 

Usually, we use the notation of the underlying dg-module A to refer to a P- 
algebra, because we assume that A has a natural internal P-algebra structure. This 
is no more the case in §|j4][5l In this situation, we represent a P-algebra by a pair 
{A,(j)), where A is the underlying dg-module and : P — > End a is the operad 
morphism which determines the P-algebra structure. 



Applications of the operadic cobar construction 

3. The operadic cobar construction 

The main purpose of this section is to review the definition of the cobar con- 
struction associated to a cooperad (we adapt ideas of [§| to our setting). To sum- 
marize the construction, a cooperad is a E^-object D equipped with a structure 
essentially dual to the composition product of an operad and the operadic cobar 
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construction of D is a quasi-free operad, denoted by _B'^(D), whose twisting deriva- 
tion is determined by the cooperad structure of D. 

In the second part of the section, we study the morphisms (j) : B'^iD) P 
toward an operad P. In the next section we prove that an operad equivalence 
ip : B'^{D) ^ P determines the twisting homomorphism of a quasi-free replacements 
of P-algebras, for any operad P in unbounded dg-modules. For the moment we only 
check that certain twisted S^-objects (P o D, de) which represent these quasi-free 
replacements are acyclic. 

The bar duality of operads associates to any operad P a cooperad D such that 
we have a weak-equivalence </> : i?^(D) P. To complete the results of this section, 
we explain briefly how to arrange this construction in order to form a E,-cofibrant 
cooperad from D. We also study applications of the Koszul duality of operads and 
the usual examples of the associative, commutative and Lie operads. 

3.1. Cooperads. Basically, a cooperad is a S* -object D equipped with a counit 
e : D — > I and a composition coproduct : D — > D o D such that the diagrams 



loD 




D 



DoD 



and 



Dol 



DoD- 



i/oD 



Doii 

Do Do D 



dual to the diagrams of m.l[ commute. 

In the sequel, we represent the expansion of a cooperad coproduct by an ex- 
pression of the form: 



I' < 




In the summation set, the notation 7 refers to the element of which we take the 
coproduct. In the expansion, we simply use the notation to refer to the factors 
of the coproduct of 7. 

In this paper, we only consider cooperads which are connected (in the sense that 
D(0) = and D(l) = k), because technical difficulties occur when this assumption 
is not satisfied. 

The unit E*-object I forms a cooperad, and any connected cooperad is coaug- 
mented since the identity D(l) — k determines a cooperad morphism 77 : I — > D. 
The connected I]*-object D such that 



D(r) 



0, ifr = 0, 1, 
D(r), otherwise. 



represents the coaugmentation coideal of D. 

In our constructions, we use that the structure of a connected cooperad is 
equivalent to a collection of tree coproducts, which are dual to the tree composition 
products of an operad. This representation is reviewed in the next paragraphs. 
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3.2. The tree comonad. The reduced module of tree tensors 
F(M)(/)= r{M)/^ 
Tee(/) 

which represents the augmentation ideal of the free operad comes also equipped 
with a comonad structure, determined by a counit e : F(M) M and a coproduct 
V : F(M) F(F(M)). The counit e : F(M) ^ M is given by the projection onto 
the summand %1]{M) associated to the one-vertex tree ■0 of > jl.2.3l Recall that the 
elements of F(F(M)) are equivalent to tensors arranged on a big tree equipped with 
a partition into small subtrees (see ijl.2.6p . The coproduct v : F(M) — > F(F(A/)) 
is given on each component t{M) by the sum over all partitions of r into small 
subtrees. 

The structure of a coalgebra over F consists of a E^-object D together with a 
coproduct p : D — > F(D) which satisfy natural unit and associativity relations with 
respect to the comonad structure of F. From the definition of F, it appears that 
the structure of an algebra over F is fully determined by a collection of dg-module 
morphisms pr '■ ^{I) ''"(D), t G commuting with the action of /-tree 

isomorphisms, with the action of reindexing bijections, and so that: 
(1) for the one- vertex tree ^p of tjl.2.3[ the morphism 

: D(/) ^(5) 

reduces to the canonical isomorphism D(/) ~ ip{D); 

for any collection of blow-ups of vertices w of a tree a into subtrees Ty of 
a big tree t, the composite 



(2; 



D(/) 



ct(D) 



cr(p. 



'(D), 



where cr(p*) refers to the evaluation of the morphisms pr^ : D(Iy) Ti,(D) 
on the vertices of cr, agrees with Pt : D(/) t(D). 
Note simply that the morphisms pr ■ D(/) t{D) sum up to a well-defined mor- 
phism p : D(/) F{D){I) though F{D) is defined by a direct sum, because the 
assumption D(0) — D(l) — implies that, for a fixed finite set /, the dg-module 
F{D){I) reduces to a sum over a finite subset of 0(/). 

The /-trees t e 6(/) such that |/«| > 1 for every v e V{t) have no auto- 
morphisms. This property occurs crucially in the proof of the equivalence between 
cooperads and coalgebras over F (see next). 

We represent the tree coproducts of an element 7 G D(/) by expressions such 
that: 




i 3 
W 



k I 

W 



7* 



T 


The notation t in the summation set refers to the tree represented in the expansion 
of the formula. Again, we simply use the notation 7* to refer to the factors of the 
coproduct of 7. If we sum up tree coproducts p*(7) S t(D) over a certain set of 
trees r G ^'(/), then we add this summation set ^{I) to the sum notation. 
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3.3. Cooperads as coalgebras over the tree comonad. The constructions of §1.2.121 
can be dualized. 

For an element 7 e D(/), we form the tree coproducts 



\.../ 




7* 


7* 



E 

Te*2(-f) 

Pt(7) 



over the set of trees of height 2. Insert unit vertices to obtain the two level tree 
tensors associated to these elements (use the correspondence of ijl.2.12p and add 
the unital coproducts 




■ii- 



■a. 




p. 




7 










and 



1- 

0- 



■0- 



to form the expansion of 1^(7) in D o D. 

Under the assumption D(0) = D(l) = 0, the associativity relations of §3.2l implv 
that the coproduct v : D — > D o D defined by the construction of this paragraph 
is coassociative. The coproduct v : D D o D is also counital by construction. 
Hence, we obtain: 

3.4. Observation. The structure of a coalgebra over F includes the structure 
of a coaugmented cooperad. 

The equivalence of SjTT2]can be dualized tooH Therefore, we have finally: 

3.5. Proposition. The category of coalgebras over F is equivalent to the cate- 
gory of coaugmented cooperads. □ 

3.6. The cobar construction of a cooperad. The cobar construction of a (con- 
nected) cooperad D is a quasi-free operad i?^(D) such that 

i?=(D) = (F(S]-iD),90), 

where S'^D is the desuspension of the coaugmentation coideal of D. The desus- 
pension S~^M of a E*-object M is defined by tensor products 

(S"^Af)(r) = kcr® Af(r), 

where cr is a homogeneous element of degree —1 and 5{a) = 0. The purpose of this 
paragraph is to review the definition of the twisting derivation dfj. 

Recall that 02(/) denotes the groupoid of /-trees with 2 vertices. The dg- 
module of tree tensors associated to an J-tree r e 62(1) with vertices V{t) — {u, v} 
reads t{M) = M{Iu) (8) M{Iy). By symmetry of tensor products, this dg-module of 
tree tensors satisfies the commutation relation 

r(E-iM) = (E-iM(/„)) ® (S-iM(/„)) ~ I]-2(M(/„) M(/„)) = E-V(M) 



■^Note however that the assumption D(0) = is also needed to define partial composition 
coproducts pe : D(/ \ {e} U J) — ► D(/) i55 0{J) from a cooperad coproduct : D — > D o D. 
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with respect to desuspensions. Accordingly, for the coaugmentation coideal of a 
connected cooperad M = D, the tree coproducts : D(/) — + t(D) associated to 
trees with two vertices r G 62 (^) give rise to homomorphisms of degree —1: 

The homomorphism /3 : E~^D — » F(S~^D) that determines the twisting derivation 
of the cobar construction is formed by the sum of these homomorphisms. Graphi- 
cally, the expansion of j3 reads: 



E 

reOaC/) 

Pril) 



± < 




for any element cr (g) 7 G E ^D(/). The sign ± is produced by the commutation of 
a suspension factor a with a factor 7*: 

,2 



I 7 



' 7* 7* 



' 7* 



'7* 



In order to obtain the right signs in the expansion of the operad derivation dp 
determined by the homomorphism [3, it is crucial to patch the tensors cr (§) 7, e 
E-iD. 

The commutation of tree coproducts with differentials implies 5{j3) = 0. The 
associativity properties of two vertex tree coproducts (dualize the relations of fig- 
ures imply: 



Claim. The derivation dp satisfies the identity dp ■ P = 0. 



□ 



Note simply that a permutation of homogeneous elements a reverses a sign in 
the associativity relation and transforms the associativity identity into a vanishing 
relation. 

By proposition 11.4.51 the relations 6{f3) — dp ■ (3 = Q imply that dp satisfies 
the equation of twisting homomorphisms. Hence, we have a well-defined twisted 
dg-operad B^D) = {f{j:-^D),dp). 

3.7. Operadic twisting cochains. According to proposition ll.4.7l an operad mor- 
phism (j) : i?'^(D) ^ P is equivalent to a homomorphism of degree 

E-iD ^ P 

such that 5{9) = (pg ■ p. Since the cooperad D is connected, we have automatically 
0(S~^D) C P. The homomorphism (j)g ■ P is defined by the composite 



S-iD(/)i^0r(S-iD)^0r(P 



where A* refers to the tree composition products of P and the homomorphism t{6) 
applies 9 to all factors of the tree tensor product over r. 

Naturally, a homomorphism of degree on a desuspension J^~^D is equivalent 
to a homomorphism of degree —1 on D. For simplicity, we also use the notation 9 
to refer to the homomorphism of degree —1 equivalent to6':I]^^D— *P. 



40 



BENOIT FRESSE 



By definition of (3, this equation 5{0) 



■ (3 is equivalent to the identity 



ii ■ ■ 



(*) 



m 



ree2(/) 

Pr(7) 




in P, for every 7 e D. In this expression, the sign ± is produced by the commu- 
tation of the homomorphism : D ^ P of degree —1 with a factor 7*. NaturaUy, 
this sign agrees with the sign produced by the differential of 7 when we take the 
homomorphism of degree equivalent to 9. 

In the literature (see §2.3]), the homomorphisms : D — > P of degree —1 such 
that (*) holds are called (operadic) twisting cochains. Usually, a twisting cochain 
is supposed to be defined on the cooperad D as a whole with the convention that 
9{1) = for the unit element 1 S D(l). The set of twisting cochains, denoted by 
Twc)(D, P) forms a bifunctor of D and P and the correspondence between twisting 
cochains 9 : D s- P and morphisms : B'^^D) — s- P gives a natural bijection 

Moro(S"(D),P) ^Two(D,P). 

The homomorphism of degree — 1 

determined to the universal morphism 1] : S^^D — ^ F(S^^D) forms a universal 
twisting cochain in the sense that the associated morphism 0^ : B'^{D) i?^(D) is 
the identity of B'=(D). 

3.8. Operad- cooperad twisted complexes. A twisting homomorphism c^g : P o D — > 
Po D is naturally associated to any twisting cochain 9 £ Twc)(D, P). In §4.2) we 
use the twisted composite E*-object {PoD,de) determined by this twisting ho- 
momorphism 9e:PoD— >PoDto define natural quasi-free replacements in the 
category of P-algebras, for certain operads P. For the moment, we focus on in- 
trinsic properties of the E»-object (Po D,dg) and we review the definition of the 
twisting homomorphism dg. 

The homomorphism dg : PoD^ PoD splits in two parts dg = dg + dg. The 
image of a two level tree tensor zu under 9g:PoD^PoDis determined by the 
operations represented in figure [6l In (1), we perform the two- vertex composition 
coproduct A*(7i) of a factor 7^ such that ji £ D. In (2), we apply the twisting 
cochain 9 to the bottom factor (7i)* of the coproduct of 7^. In (3), we apply the 
two- vertex composition product of the operad P to retrieve an element of PoD. 
Unital vertices — — ^ ' labeled by unit elements 1 G 1(1), have simply to be 
added on the edges e going directly from a tree input s(e) = i to the vertex at 
level to have a well defined element of PoD. Sum up over all factors ji of the 
coaugmentation coideal D to obtain the expansion of dg{w). 

The homomorphism dg is given by the same process, but we do not perform 
the composition coproduct and simply push the factor 7^ S D to the bottom. 

By a straightforward inspection, we check that: 
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Figure 6. 



Claim. The homomorphism de = + dg satisfies the equation of twisting 
homomorphisms d{d$) + dg = 0. □ 

Hence, we have a well-defined twisted eomplex {PoD,dg). Note moreover 
that the augmentations e : P ^ I and e : D ^ I induce a natural morphism 
e: (PoD,ae)^l. 

The applications of twisted S»-objects (P o D, dg) are derived from the following 
result: 
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Figure 7. 



3.9. Theorem. Let D &e a C-cofibrant connected cooperad. The twisted com- 
posite Yi^t-object 

(B=(D)oD,9J 

associated to the universal twisting cochain i : D — > B'^{D) is weakly equivalent to 
the unit "E^-object I. The weak- equivalence is defined by the augmentation 

e:(B^(D)oD,a,,)->l. 

The twisted complex {B'^{D) o D, di) can be identified with the two-sided cobar 
complex B'^{I^, D) of jl, §4]. The acyclicity of a dual operadic complex B{I, P, P) 
is proved in 0, §4.7] and in §2.3]. In 0, §4], we give arguments to prove 
that B'^{I , D, D) is acyclic when the cooperad D is non-negatively graded. In the 
following proof, we adapt the argument of Q in order to extend the result to the 
case of Z-graded dg-cooperads. 

Proof. Since we assume D(0) = and D(l) = k, the augmentation e : {B'^{D)o 
D,de) —> I reduces to an identity isomorphism in arity 1. Therefore we are reduced 
to check that the complex {B'^{D) o D, de) is acyclic in arity r, for any r > 2. 

The elements of the composite E*-object i?°(D) o D are represented by tensors 
arranged on a two level tree such that the vertex at level consists itself of a tree 
tensor representing an element of B'^{D) = (F(E~^D), 9^). From this represen- 
tation, we see that an element of B'^{D) o D is equivalent to a tensor tn G t(D) 
arranged on a big tree with two level of vertices such that: 

(0) the ingoing edges of the tree e target to a vertex at level 1; 

(1) the edges e arising from a vertex at level 1 target to a vertex at level or 
the output of the tree; 

(2) the edges e arising from a vertex at level target to a vertex at level or 
the output of the tree; 

(3) the vertices v at level 1 are either labeled by an element 7„ € D(/^) of the 
coaugmentation coideal of D or by a unit element 1 G l(/t,); 

(4) the vertices v at level are labeled by elements ct ® 7„ G S^^D(/^,) in the 
desuspension of the coaugmentation coideal of D. 

An example is displayed in figure [T] The tree tensor defined by the subtree of 
vertices at level represents the factor p G i?^(D) of the composite B'^{D) o D. If 
the set of vertices at level is empty, then this factor is the unit element 1 G B'^{D). 

Formally, we consider the groupoid n(/) of pairs I), where ^ is an /-tree and 
I is a map I : V{£^) {0, 1} which assigns a level to the vertices of ^ so that (1-2) are 
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Figure 8. 



satisfied. The isomorphisms of n(/) are the isomorphisms of /-trees which preserve 
level structures. To a level tree I) G n(/), we associate the tensor product 

^(D,0 = { (g) S-iD(/„)}®{ (g) D(/,)}. 



■ue/-i(o) 



The composite S*-object B'^{D) o D has an expansion of the form 

B^(D)oD(/)= e(D,0/^, 
(?.Oen(/) 

where the sum is divided out by the action of isomorphisms. 

The correspondence of 1.2. 121 between trees with two levels and trees of height 
2 can be generalized to the level trees of !!(/). Let A(/) be the groupoid of pairs 
(t, Z), where t is an /-tree and I is a map / : V{£,) {0, 1} such that (1-2) are 
satisfied but not necessarily (0). To a level tree of A(/), we associate a module of 
tree tensors, defined like ^(D, I), but where every factor is associated to an element 
of the coaugmentation coideal of D: 



t(D,0 = { (g) S-iD(/„)}®{ (g) D(/„)} 
t)6;-i(o) «6;-i(i) 

To a reduced level tree {t,1) G A(/), we can associate a tree with two levels 
(r, /) e n(/) defined by the insertion of unital vertices — — ^ '^-'^ edges e 
going directly from a tree input s(e) = i to a vertex at level 0. The tree tensors 
of t{D,1) are associated to elements of t{D,1) with unit elements 1 G 1(1) on the 
inserted unital vertices — — ^ ■ example, the tree tensor of figure [8] is 

associated to the reduced tree tensor of figure [71 The expansion of B'^{D) o D(/) 
has a reduction: 

/3^(D)oD(/)= t{D,1)/ = 
(r,OeA(/) 

where (r, I) runs over the groupoid A(/). 

Let Fs/?^(D) o D be the submodule of B'^{D) o D generated by the summands 
t{D,1) such that r has at least —s vertices. The total differential of i?^(D) o D 
satisfies clearly 

(S + d,){FsB^{D) o D) c F,B^{D) o D, 
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Figure 9. 



for every s G Z. Hence we have a spectral sequence i?" ^ H^{B'^{D) o D) such that 

(r,OeA(/) 

\V(r)\ = ~s 

where the sum ranges over trees with —s vertices. This spectral sequence converges 
in a strong sense because, for a fixed arity r, the assumption D(0) = D(l) — 
implies that the filtration is bounded: 

= F-s^B^iD) o D(r) C • • • C FoB=(D) o D(r) B'=(D) o D(r). 

The differential cf : -> E^ reduces to terms 5 : B''{D) o D ^ B''{D) o 
D induced by the internal differential of D and to the terms of the twisting 
homomorphisms di (which push a vertex at level f to the bottom) since the other 
part of di clearly decreases filtrations by 1 as well as the twisting homomorphism 
5/3 of the cobar construction i3'^(D). 

The summand 

i?," = {0r(D,O/^}ci?" 
/ 

associated to a given isomorphism class of /-trees r is clearly preserved by this 
differential (P — 5 -\- ff^. We define a contracting chain homotopy h : E^ E^ to 
prove that each summand {E^,dP) with |V'(r)| > is acyclic. 

For this purpose, we fix a vertex vi G V{t) such that C /, the inputs of r 
(such a vertex always exist) 0. The chain homotopy h : E'^ E'^ simply raises 
the vertex vi to level 1 for tree tensors ^ G t{D,1) such that l{vi) — and cancels 
the tree tensors ^ G t{D,1) for which l{vi) ~ 1. As an example, if the vertex vi 
such that ly-^ = is the distinguished vertex of the tree underlying the tensor 

of figure [U then the image of this tree tensor under the chain homotopy h is the 
tree tensor represented in figure [9l 

By an immediate inspection, we obtain the identities Sh + hS — and d^h + 

= from which the acyclicity of E'^ follows. 

Finally, we obtain that E^ reduces to the summand I. Hence, we conclude that 
the spectral sequence degenerates and -ff»(i?^(D) o D, 9J = 1. □ 

To complete the results of this section, we prove: 



■^N.B.: As we assume D(0) = 0, we have necessarily I^^ =^ (otherwise the dg-module t(D) 
vanishes) and this implies that ni is fixed under tree isomorphisms. 
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3.10. Theorem. Let D be a C-cofibrant connected cooperad. Let P be a C- 
cofibrant operad. If the morphism <j)0 : B'^{D) —^ P associated to a twisting cochain 
: D — > P defines a weak-equivalence of operads, then the complex (P o D, dg) 
determined by 9 is weakly equivalent to the unit "E^-object I. The weak-equivalence 
is defined by the augmentation e : (P o D, de) —>■ I. 

The construction (PoD, 9e) is clearly functorial with respect to the operad 
morphisms (/) : P ^ Q commuting with given twisting cochain: 



D 



P 




Q 



In particular, the natural morphism (j)g : i?^(D) — )■ P associated to a twisting 
cochain 9 : D ^ P induces a morphism ol twisted S*-objects 

(i?^(D)oD,aO ^ {PoD,de). 

The idea is to prove that this morphism is a weak-equivalence and to deduce the 
conclusion of theorem 13.101 from theorem 13.91 For this purpose, we use a spectral 
sequence argument. 

First, observe that every twisted object {P oD,dg) is endowed with a natural 
filtration. Indeed, let P o D be the submodule of P o D spanned by level tree 
tensors whose factor p G P(r) verifies r > s. From the definition of the twisting 
homomorphism de, we see immediately that the assumption D(0) = D(l) = 
implies 

de{FsPoD)cF,-iPoD. 

Thus, we obtain: 

3.11. Observation. For any complex {PoD,dg), we have a spectral sequence 

E^{PoD,de)^H,iPoD,de), 

such that = P o D and where d^ : E^ — > reduces to the natural differential 
of the composite T,^-object P o D, the differential 6 : PoD^ PoD induced by the 
internal differential of P and D. 

This spectral sequence converges in a strong sense if P and D are connected be- 
cause, for a fixed arity r, we have FsP o D(r) = P o D(r) for s > r and FgP o D(r) = 
for s < 0. Hence, we obtain that the filtration is bounded. 

We have clearly: 

3.12. Observation. Any operad morphism : P — > Q that fits a commutative 
diagram 

D 



P -Q 

where 9 and v are given twisting cochains, preserves filtrations and yields a mor- 
phism on the spectral sequence of observation \3.11\ 
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The analysis of 5;, §§1.3.5-1.3.10] (see also @, §15.3]) shows that any weak- 
equivalence (j) : M ^ N between C-cofibrant E^-objects induces a weak-equivalence 

(j)oP : M oP ^ N oP, 

for any C-cofibrant S*-object P such that P{1) = 0. The application of this result 
to the spectral sequence of observation [3Tl] gives: 

3.13. Lemma. In observation suppose that the morphism (f> : P — > Q is 
a weak- equivalence between C-cofibrant operads and the cooperad D is C-cofibrant 
(and connected). Then the morphism of twisted Tj^-objects 

{PoD,de) ^ (QoD,9,) 

induced by (p forms a weak-equivalence. 

Proof. The morphism induces a weak-equivalence at the i?°-stage of the spec- 
tral sequence: 

E\PoD,de) ^ E%QoD,d„\ . 

=PoD =QoD 

The conclusion follows immediately (recall simply that the spectral sequence is 
defined by a locally bounded filtration when the cooperad D is connected). □ 

The result of theorem 13.101 is an immediate corollary of this lemma and theo- 
rem 13.91 Hence we are done with the proof of proposition 13.101 □ 

Remark. In this paper, we only use the implication of theorem 13.101 but the 
converse statement is also true in the non-negatively graded setting: under the 
assumption of theorem 13. 10[ the morphism (j)Q : i?'^(D) — > P associated to a twisting 
cochain : D — > P forms a weak-equivalence if and only if the twisted E*-object 
(P o D, de) is acyclic (apply the spectral sequence argument of 0, §2]). 

3.14. Applications of the bar duality of operads. Dual to the cobar construction, 
we have an operadic bar construction which gives a cooperad B[P) such that 

Morc>(B'=(D,P) ~ Two(D,P) ~ 77omoc(D, S(P)) 

for any operad P (see [1, §2.3]). If the operad P is a C-cofibrant augmented operad 
such that P(0) = P(l) = 0, then the adjoint of the identity morphism id : B{P) — > 
i?(P) defines a natural weak-equivalence : B'^{B{P)) ^ P (adapt the argument 
of [a Theorem 3.2.16], see also 0, §4.8]). 

Therefore any connected C-cofibrant operad P has a model of the form B'^{D), 
where D is a connected C-cofibrant cooperad. If P is E*-cofibrant, then an easy 
inspection of constructions shows that the cooperad D = B{P) is E^-cofibrant as 
well. In general, we can replace P by an equivalent E*-cofibrant operad Q — > P 
(according to [l[, we can take the internal tensor product of P with the Barratt- 
Eccles operad for Q) to form a S,-cofibrant cooperad D — B{Q) such that cj) ■ 
B%D) ^ P. 

The Koszul duality of operads replaces the cooperad D of the bar duality by a 
smaller model. For instance: 

- for the operad of commutative algebras C, we have a weak-equivalence 
(j) : B'^{A~^ L^) ^ C, where is an operadic desuspension of the 

cooperad of Lie coalgebras. 
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- for the operad of Lie algebras L, we have dually <j) • i?'^(A^^ C^) L, 
where C is the desuspension of the cooperad of cocommutative coal- 
gebras, 

- for the operad of associative algebras A, we have a weak-equivalence : 
B'^{A^^ A^) ^ A, where A^ is the desuspension of the cooperad of 
coassociative coalgebras 

(see and for the generalization of the results of Q in positive characteristic). 
The associative cooperad D = A^ is S^^-cofibrant, but we do not know how to 
produce a S*-cofibrant cooperad from A~^ and A~^ (when the ground ring 
does not contain <Q). 

4. The cobar construction 
and 

cofibrant models of algebras over operads 

The purpose of this section is to review the applications of the bar duality of 
operads to the definition of explicit cofibrant models in categories of algebras over 
an operad. 

In M.l\ we study quasi-cofree coalgebras over a cooperad D. We check that 
the structure of a quasi-cofree coalgebra is equivalent to an algebra over the cobar 
construction of D. The construction of explicit cofibrant models in categories of 
algebras over an operad arises from this equivalence and is addressed in §4.21 

These applications of the bar duality of operads have been introduced in [1, 
§2, §4] for operads in non- negatively graded modules over a field of characteristic 
zero. Though basic definitions have an obvious generalization in the context of 
unbounded dg-modules over a ring, we have to review the theory carefully in order 
to check that homotopical applications of the constructions hold properly in our 
setting. 

In this section, we use that a P-algebra structure on a dg-module A is deter- 
mined by a morphism : P — > End a, where End a is the endomorphism operad 
of A (see t j2.13p . and we adopt the convention to represent a P-algebra by a pair 
(A, (f>) whenever A does not come with a natural P-algebra structure. 

4.1. Coalgebras over cooperads. In ij2.31 we recall that an operad P de- 
termines a monad S{P) : C — > C on the category of dg-modulcs. The category of 
P-algebras is defined as the category of algebras over this monad. This definition 
can be dualized for cooperads: the augmentation e : D — > I and the coproduct 
i^:D^DoDofa cooperad D induce an augmentation and a coproduct 

5(D) ^ 5(1) c± Id and 5(D) 5(D o D) - 5(D) o 5(D), 

which satisfy unit and associativity relations, so that the functor 5(D) : C C 
associated to D inherits a comonad structure. Define a coalgebra over D as a 
coalgebra over this comonad 5(D). 

Note that this notion of a D-coalgebra does not agree with standard definitions 
for usual cooperads. Firstly, as the functor 5(D) is given by a direct sum, we 
consider D-coalgebras which are in some sense connected. Secondly, as the functor 
5(D) is given by coinvariant tensors and not invariant tensors, we consider D- 
coalgebras equipped with operations dual to divided powers. For these matters, we 
refer to [1]. 
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Recall that D is supposed to verify D(0) = 0, D(l) = k and admits a splitting 
D = I ©D. In our constructions, we identify the dg- module C with the summand 
C = S{\,C) of S'(D,C) and the augmentation e : S(p,C) — » C with a projection 
onto this summand. 

The object D(C) — 5(D,C) also represents the cofree D-coalgebra associated 
to a dg-modulc C G C (again, when we say cofrcc D-coalgcbra, we refer to the 
category of D-coalgcbras used in the paper and our definition may differ from other 
usual notions of cofree coalgebras). The quasi-cofrcc coalgebras, of which study 
forms the object of this subsection, are D-coalgcbras F such that T = (D(C), d). 

Our first objective is to introduce an appropriate representation for the struc- 
ture of a coalgebra. Then we study the structure of quasi-cofree D-coalgebras and 
the definition of morphisms between quasi-cofree D-coalgebras. 

4.1.1. The graphical representation of the structure of coalgebras over cooperads. 
By definition, a coalgebra over D consists of a dg-module C € C together with a 
coproduct p : C — > 5(D, C) which satisfies the standard counit and coassociativity 
relations with respect to the augmentation and coproduct of the comonad 5'(D). In 
view of the graphical representation of an element of S{D, C), the coproduct of an 
element c G C has an expansion of the form: 



p(c) = E< 

p{c) 







> . 



The coproduct of a cofrcc coalgebra D(C) = S{D, C) is the natural morphism 



S{D,C) 



S{DoD, C) ~ ^(D, S'(D, C)) 



induced by the coproduct of D. In our graphical representation, the coproduct 
of D(C) is given by the picture 



PS 



Cl 




where we form the image of 7 e D under the coproduct of D. The input labels 
Cl , . . . , c„ G C are permuted according to the sharing of indices in the coproduct 
of 7. 

4.1.2. Quasi-cofree coalgebras. For a coalgebra C over a cooperad D, the com- 
mutation of the coproduct p : C S{D,C) with differentials amounts to an identity 



(*) piSic)) = J2 
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for every c G C. In the second sum, the differential S is applied to the input label 
Ci, where i — 1, . . . ,n. The signs ± are determined by the commutation of 6 with 
the factors of the tree tensor product. 

Say that a homomorphism : C — s- C is a D-coderivation if we have the identity 




for every c G C. The differential (5 + 9 : C — > C defined by the addition of a 
twisting homomorphism d € Home (C, C) to the internal differential 6 : C ^ C 
of a D-coalgebra C satisfies the coderivation relation (*) if and only if d satisfies 
the coderivation relation (**). Thus, a twisted dg-module {C,d) associated to a 
D-coalgebra inherits a D-coalgebra structure if and only if d forms a D-coderivation. 

A quasi-cofree D-coalgebra is a twisted coalgebra F = (D(C),(?) formed from 
a cofree coalgebra D(C). We use the following propositions to define quasi-cofree 
D-coalgebras: 

4.1.3. Proposition (See fi. Proposition 2.14]). For a cofree coalgebra D{C), 
we have a bijective correspondence between D-coderivations d : D(C) — > D(C) and 
homomorphisms a : D(C) C . The homomorphism a associated to a coderivation 
d is given by the composite of d : D(C) — * D(C) with the canonical projection 
e : D(C) ^ C. 

Conversely, the coderivation associated to a, for which we adopt the notation 
d = da, is determined by the formula 



Cl- 



da< 




for every element o/D(C), where we use the convention of ^3.S\ for the representa- 
tion of the coproduct of "f £ D. The input labels c* G C are permuted according to 
the sharing of inputs in the coproduct of ^. □ 

Usually, we assume that the homomorphism a : D(C) — > C vanishes on C C 
D(C). In this case, we obtain: 

4.1.4. Proposition. Let a : D(C) C be a homomorphism of degree —1 such 
that a\c = 0. 

A D-coderivation of degree —1 

da : D(C) ^ D(C) 
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satisfies the equation of twisting homomorphisms S{da) + = 0, so that the pair 
{D{C), da) defines a quasi-cofree coalgebra, if and only if the homomorphism a : 
D(C) —>■ C satisfies the relation 



8{a) < 



Cl- 



> + 



■0- 



E 



±a < 











/ * 




7* 





ree2(n) 
Pt(7) 




□ 



for every element of D(C). 
Proof. Exercise. 
Then we have the foUowing result: 

4.1.5. Proposition (See @, Proposition 2.15]). A morphism of dg-operads 
(p : B''(D) EndA is equivalent to a map a : D(A) — + A which satisfies the 
equation of paragraph \4.L4\ and such that the restriction a\A vanishes. 

Proof. In §3.71 we recall that an operad morphism 09 : B'^{D) EndA is 
uniquely determined by a twisting cochain 9 : D ^ EndA- By adjunction, the 
collection of S*-equi variant homomorphisms of degree —1 

D(r) ^ End Air) HomciA^'^,A) 

underlying the twisting cochain is equivalent to a dg-module homomorphism of 
degree —1 

a : D{A) A 

such that a\A — 0. Basically, the homomorphism a is defined by the expression 
' fli a,] 



a < 



7 



d{l){ai 



for every element of D(A), where we apply the homomorphism d{j) £ Homc{A^" , A) 
associated to 7 e D(n) to the input labels ai, . . . , a„ e A. 

We see immediately that the equation of a twisting cochain, represented in §3.71 
is equivalent to the equation of lemma H. 1.41 The conclusion follows. □ 



Thus a quasi-cofree coalgebra rp(^) 
any _B'^(D)-algebra A. We have further: 



{D{A),da) is naturally associated to 



4.1.6. Proposition. Let (A, 0) and (B,ip) be B^{D)- algebras with structure 
morphisms 4> '■ i?^(D) —> EndA o.rid tp : B'^{D) —> Ends- A morphism of dg- 
modules f : A ^ B defines a morphism of B'^{D)- algebras f : (A, 0) —>■ {B,'il)) if 
and only if the coalgebra morphism D(/) : D{A) —>■ D{B) induced by f defines a 
morphism 

(D(A),a„)^(D(i?),a^), 

between the quasi-cofree D-coalgebras associated to {A,(f)) and {B,tp). 

Proof. Exercise. □ 
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Thus the category of -B'^(D)-algebras is equivalent to an explicit subcategory of 
the category of D-coalgebras. The purpose of the next statement is to determine 
the set of all morphisms between the quasi-cofree D-coalgebras. From these state- 
ments, we see that the category of -B'^(D)-algebras is not at all equivalent to the 
full subcategory generated by quasi-cofree D-coalgebras, but we aim to prove in the 
next subsection that every morphism of quasi-cofree D-coalgebras defines a mor- 
phism in the homotopy category of i3'^(D)-algebras (whenever this notion makes 
sense). 

First, we have the following observation which is an extension of the universal 
property of cofree coalgebras: 

4.1.7. Observation. The homomorphisms <j) : D{A) D{B) of degree and 
commuting with coalgebra structures are in bijection with homomorphisms of dg- 
modules f : D{A) B. The homomorphism f associated to </> is given by the 
composite of (p : D{A) D(_B) with the universal morphism e : D{B) — > B. 

Conversely, the homomorphism associated to f , for which we adopt the notation 
(p = (pf, is determined by the formula 




where we form the coproduct i/ : D — > D o D of the element 7 G D. 



We have then: 

4.1.8. Proposition. The homomorphism of cofree coalgebras (f>f : D(A) 
D{B) associated to a homomorphism f : A ^ B defines a morphism between quasi- 
cofree coalgebras 

iDiA),da)^{D{B),d0) 
if and only if we have the identity 
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for every element of D(A). 
Proof. Exercise. 



□ 



4.2. Bar duality and quasi-free replacements. Throughout this subsec- 
tion, we suppose given an operad P together with a weak-equivalence (f>g : B'^{D) — > 
P from the cobar construction of a (connected) cooperad to P. Moreover, we as- 
sume that P is E*-cofibrant, as well as the cooperad D. Accordingly, the category 
of P-algebras inherits a natural semi-model structure from dg-modules. 

Our aim is two-fold. 

First we associate a quasi-free P-algebra i?p(r) to any D-coalgebra F. We apply 
this construction to the quasi-cofree D-coalgebras F = {D{A),da) associated to P- 
algebras A. We prove that the composite construction Ra — Rp{D{A),da) defines 
a cofibrant replacement functor on the category of C-cofibrant P-algcbras. 

Then we use the construction Ra = Rp{D{A), da) to prove that the morphisms 
of quasi-cofree D-coalgebras represent morphisms in the homotopy category of P- 
algebras. 

4.2.1. Construction of quasi-free algebras. Let F be a D-coalgebra. Let to be 
the composite 

F A 5(D,F) 5(P,F) = D(F), 

where p refers to the coproduct of F and 6* : D ^ P is the twisting cochain equivalent 
to the morphism 0e : B'^{D) P. In view of the representation of i i4.1.1l for the 
coproduct of an clement c G F, the image of c under a; : F ^ P(r) is given by: 



■0- 



The quasi-free P-algebra associated to F is defined by the pair i?p(F) = (P(F), d^), 
where : P(F) P(F) is the P-algebra derivation associated to the homomor- 
phism 7 : F ^ P(r). Note simply that: 



Claim. The homomorphism lo : F 
of proposition \2.1(A 



P(F) verifies the equation 5{Ljj)+duj-L0 = 



Hence, the quasi-free P-algebra i?p(F) = (P(F),9cj) is well defined. 

Proof. On one hand, the image of an element c G F under the composite 
■ LO has an expansion of the form 



■ ijj{c) = - 



E 

P(c) 



± < 




where we perform the coproduct (one by one) of the factors c* in the expansion 
of p{c) and A, refers to an evaluation of the tree composition product of P. The 
additional minus sign comes from a permutation of the symbols 9. 
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This expression can be identified with the image of the iterated coproduct 







5(D,p)-p(c)= J2 ± 



p(c,),...,p{c.) 



under the homomorphism 




E 




e— l,...,n=^ 



where e : D — > I represents the augmentation of D. The sum ranges over the 
positions of the second leveL The coassociativity relation S{D,p) ■ p = S{v,T) ■ p 
impHes that (*) is equivalent to a summation over p(c) and p(7*), where we take 
the coproduct of the factor 7* in D. 

Then the equation of twisting cochains implies that (*) agrees with: 



E 

P{c) 



mil* 



The coderivation relation (*) of §4.1.2l implies immediately that (**) represents the 
expansion of —5{uj){c) = —d{uj(c)) — ijj{S{c)). Hence we are done. □ 

4.2.2. The quasi-free replacement of a P -algebra. Let A be a P-algebra. Observe 
that A forms a B'^(D)-algebra by restriction of structure and hence has an associated 
quasi-free D-coalgebra Tp{A) = {D{A),da)- Recall that the homomorphism a : 
D{A) — > A which determines the twisting coderivation of Tp{A) satisfies a\A — 0. 

We form the quasi-free P-algebra Ra = Rp{D{A),da) associated to Tp{A). 
We aim to prove that Ra defines a natural cofibrant replacement of A when A is 
C-cofibrant. 

By definition, the underlying free P-algebra of Ra can be identified with the 
composite 

P(D(^)) = S'(PoD,yl) 

when we forget all twisting homomorphisms. This free P-algebra is equipped with a 
twisting derivation da induced by the twisting coderivation of Tp{A) = {D{A),da), 
and with the twisting homomorphism d^^ determined by the underlying coalgebra 
structure of Tp{A). The total differential of Ra is the sum S + da + d^j, where S 
refers to the natural differential of P(D(^)). 
We have a natural morphism of P-algebras 

e : P(D(A)) A 
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induced by the augmentation e : D(yl) A oi the cofree D-coalgebra D[A) and a 
natural morphism of dg-modules 

T] : P(D(A)) 

defined by the composite of the coaugmentation t] : A ^ D(j4) with the unit 
morphism 77 : D(^) P(D(^)) of the free P-algebra P{D{A)). We have in fact 
PoD(l) = 1(1) = k and the coaugmentation rj : A ^ P(D(yl)) can be identified 
with the morphism 

A = S{\,A) ^ S{PoD,A) 

yielded by this relation. 
Observe first: 

4.2.3. Proposition. The morphism e : P(D(A)) A defines a morphism of 
P-algebras 

i?A = i?p(D(A),9„)^ A 
The morphism r] : A ^ P{D{A)) defines a morphism of dg-modules 

A^Rp{D(A),d^) = RA 

such that ery = id. 

Proof. We have 5{e) = S{ri) = since e and rj are defined by morphisms of 
dg-modules when we forget all twisting homomorphisms. As a consequence, we 
only have to check 



(*) 



e- idu,+ da) = and {du, + da) ■ r] ^ 



in order to prove that e and rj commute with total differentials. 

By proposition 12. Hi we are reduced to prove the identity e • {d^j + da){c) = 
for a generating element 



c = < 



> e D{A). 



■0- 



Then the equation amounts to 

(**) e(c^(c))+a(c) =0 

by construction of : P(D(A)) P(D(A)) and da : D{A) D{A). But we have: 

oi a„ 



e{uj{c)) = A, < 



0(7) 

■o- 



> = 0{-/){ai, . . . ,a„) e A, 



where we perform the evaluation of ^(7) G B'^{D){n) on ai,...,a„ G A. This 
operation is also the definition of a{c). Hence, equation (**) is satisfied and this 
achieves the proof that e defines a morphism of P-algebras: 



RA^RpiDiA),da)^A. 



OPERADIC COBAR CONSTRUCTION AND HOMOTOPY MORPHISMS 



55 



Equation (*) is trivially satisfied for 77 because 9i^|d(A) — ^ and da vanishes on 
A C D(A). Hence, the morphism e defines a morphism of dg- modules 

The relation erj — Id is immediate from the definition of e and 77. □ 
Our theorem reads: 

4.2.4. Theorem. Let P he any Tis^-cofihrant operad. Let D he any Ti^-cofibrant 
(connected) cooperad together with a twisting cochain 9 : D P associated to a 
weak- equivalence (j>g : B'^{D) — s- P. 

If A is a C-cofihrant P-algehra, then the augmentation e : Rp(D(A), da) — > A 
defines a weak-equivalence and Ra — Rp(D(A), da) forms a cofihrant replacement 
of A in the category of P-algehras. 

This theorem gives a generalization of Theorem 2.19]. The result of this 
reference is established for operads in non-ncgatively graded dg-modules over a 
field of characteristic 0. 

The proof of this theorem is deferred to a series of lemmas. 

4.2.5. Lemma. Under the assumptions of the theorem, the quasi-cofree P-algehra 
Ra — Rp(D(A), da) forms a cofihrant P-algehra. 

Proof. Equip the dg-module D(^) with the filtration 

= D<o(A) c • ■ • C D<x(A) c ■ • • C colim D<x(A) = A 

- - AeN 

such that 

D<A(A) = 0(D(r)®A®'^)s.. 

r<\ 

The assumptions of the theorem imply readily that each summand (D(r) <S> A^^)^^ 
forms a cofihrant dg-module. Hence, each embedding 

D<A-i(A) ^ D<x(A) 

forms a cofibration of dg-modules. 

Recall that a\A = by construction (see proposition l4. 1 .5( ) . The representation 
of proposition 14.1.31 shows that the twisting homomorphism da satisfies 

da{Dx{A)) C Da-i(A), 

because the factors 7* £ D(/*) of the coproduct of an element 7 G D(r) must 
satisfy 1 < |/*| < r when D(0) = D(l) = 0. For the twisting derivation d^, we have 
trivially 

5^(D<i(^)) = and dUD<x{A)) C P(^) = P(D<i(^)) for A > 2. 

These verifications show that the quasi- free P-algebra Ra — Rp{D{A),da) ful- 
fils the requirements of proposition 12.121 from which we conclude that Ra forms a 
cofihrant P-algebra. □ 

4.2.6. Lemma (compare with [8, Theorem 2.19]). The morphisms 

Ra^ Rp{D{A),da)^^A 

V 

are weak- equivalences as long as the operad P and the cooperad D are Y.^-cofihrant 
and the morphism 4>e : B'^{D) P is a weak- equivalence. 
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Proof. Recall that the underlying P-algebra of Ra can be identified with the 
composite object: 

P(D(A)) = S{PoD,A) 

when we forget all twisting derivations. Consider the nested sequence of dg-modules 
such that 

F,S{P oD,A)^ 0(P o D(r) ® C S{P o D, A), 

r>s 

for s e N. 

The objects ^^^(P o D, A) are trivially preserved by internal differentials. The 
vanishing of the twisting cochain on D(l) implies immediately, from the expression 
of §4.1.31 that the twisting coderivation da ■ D(^) D(A) satisfies 

r>s — 1 

from which we deduce the relation 

da{FsS{PoD,A)) c Fs-iS{PoD,A) 

for the derivation da : P(D(A)) P(D(A)) induced by da : D(A) D{A). For 
the quasi-cofree coalgebra F = (D(A),9ct), the twisting derivation d^j : P(D(A)) — ^ 
P{D{A)) of i?^ = _Rp(D(j4), i9q) can immediately be identified with the homomor- 
phism S{dg, A) induced by the twisting homomorphism 96(:PoD^PoDof §3.81 
Hence we have d^{FsS{P o D, A)) c ^^^(P o D, A). 
Hence, the filtration 

0^ FqS{PoD,A) c ••• C Fo5(PoD,A) c ••• C 5(PoD,A), 

defines a filtration of the twisted dg-module Ra and determines a right-hand half- 
plane homological spectral sequence E"^ ^ H^,{Ra) such that 

(i?o,dO) = ^((PoD,9e),A), 

the dg-modulc associated to A by the twisted S*-object (P o D, dg). 

Recall that rj : A ~^ Ra is yielded by the canonical morphism 77 : I ^ P o D 
given by the identity Po D(l) = 1(1) = k. 

By theorem I3.10[ the canonical morphism 77 : I ^ P o D defines a weak- 
equivalence 77 : I — > (PoD,9e). Since P and D are S*-cofibrant, the composite 
S»-object P o D is E^-cofibrant too. Hence, the morphism 77 : I — > P o D induces a 
weak-equivalence 

A^ S{\,A) S{{P oD,de),A) 

for every A £ C. Therefore our spectral sequence satisfies 

if. = i, 

10, otherwise, 

and degenerates at the _B"'^-stage, from which we also deduce that the spectral 
sequence converges toward H^,{Ra)- 

Our arguments imply moreover that rj : A Ra induces an isomorphism 
77 : if* (A) ^ E\^^ = H^{Ra), from which we conclude that -q : A ^ Ra defines 
a weak-equivalence. Since £77 = id, the morphism e : Ra A defines a weak- 
equivalence as well. Hence we are done. □ 
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This lemma achieves the proof of theorem 14.2.41 □ 

By construction, the quasi-free P-algebra Ra = Rp{D{A),da) associated to a 
P-algebra A is functorial with respect to aU morphisms of D-coalgebras 

{D{A),d^)^{D{B),dp), 

and not only with respect to morphisms of the category of P-algebras. Hence, 
theorem 14 . 2 . 41 gives as a corollary: 

4.2.7. Proposition. Suppose we have a morphism of quasi-cofree coalgebras 

0/:(D(A),9„)^(D(i?),a^), 

where (D(A), da) and (D(i?), dp) are quasi-cofree coalgebras associated to P-algebras 
(A, 0) and {B,ip). 

The morphism of P-algebras induced by (f)f fits a diagram 

Rp{D{A),da) Rp{D{B), dp) , 



{A,<j>) 

in which the vertical morphisms are weak- equivalences of P-algebras. Accordingly, 
this morphism yields a morphism from (A, (/)) to {B,ip) in the homotopy category 
of P-algebras. □ 

Moreover: 

4.2.8. Proposition. Let f : D{A) B be the homomorphism which deter- 
mines the morphism of quasi-cofree coalgebras (j)f in proposition p". 2. 7| 

If the restriction f\A defines a weak- equivalence of dg-modules f\A ■ A — > B , 
then 4>f induces a weak- equivalence of P-algebras 

: Rp{D{A),da) ^ Rp{D{B),dp). 

Proof. The diagram in the category dg-modules 

Rp{D{A),da) Rp{D{B),dp) 



{A,<j>) ^iB,i^) 

commutes. By lemma l4.2.6l the vertical morphisms of this diagram are weak equiv- 
alences. Hence, if /|a is a weak-equivalence, then so is 0/ by the two-out-of-three 
axiom of model categories. □ 

4.2.9. Examples. Recall that the associative operad A is endowed with a weak- 
equivalence : B'^{A~^ A^) — > A, where D = A^ is a desuspension of the dual 
cooperad of A. In this example, the homomorphisms / : A^(yl) B associated 
to morphisms of quasi-free coalgebras (f>f : (A^^ A"^ {A),da) (A^^ A^(i?), dp) are 
identified with the usual Aoo-morphisms (see [l^). The results of this subsection 
apply to this example since the associative operad A and the cooperad D = A~^ A^ 
are obviously S^-cofibrant. 
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The Lie operad L is endowed with a weak-equivalence (f)^ : B'^{A^^ C^) L, 
where D = A^^ is a desuspension of the dual cooperad of the commutative 
operad C. In this example, the homomorphisms / : A~^C^(yl) B associated 
to morphisms of quasi-free coalgebras 0/ : (A^^ C^(A), da) — + (A^^ (B), dp) are 
identified with the usual Loo-niorphisms. But the commutative operad C and the 
Lie operads L are not E*-cofibrant in positive characteristic. Therefore we have 
to replace C and L by S*-cofibrant operads in order to apply the results of this 
subsection. 

5. Cylinder objects and homotopy morphisms 

The goal of this section is to define a correspondence between left homotopies 
in the category of operads and certain equivalences in the homotopy category of 
algebras over an operad. Throughout the section, we consider a quasi-free operad 
such that Q = B'^{D). To obtain our result, we introduce an explicit cylinder object 
in the category of operads Cyl Q such that a left homotopy -0 : Cyl Q — * End a 
toward an endomorphism operad End a is equivalent to a morphism of quasi-cofree 
D-coalgebras 

(D(A),a„o) ^ iD{A),dai) 

which reduces to the identity on A. Then we apply proposition 14 . 2 . 51 to produce a 
chain of weak-equivalences in the category of P-algebras 

Rp{DiA),dao) Rp{D{A),da^) 

(A, 00) (5,01) 

from that coalgebra morphism. 

The cylinder object Cyl Q is defined in ^5.11 The correspondence between left 
homotopies ip : Cyl Q — > End a and homotopy morphisms is addressed in 

5.1. Bar duality for operads and cylinder objects. By definition, a cylin- 
der object associated to Q is an operad Cyl Q together with morphisms 

Q ?- Cyl Q — ^ Q 

d' 

such that the morphism (d'^jd^) : QvQ ^ CylQ is a cofibration, the morphism 
s° : Cyl Q Q is a weak-equivalence and s^d^ = s'^d^ = id. 

Recall that the operadic cobar construction Q — B'^{D) is a quasi-free operad 
of the form 

Q = (F(k(T«)D),9^), 

where cr is a homogeneous element of degree —1. The idea is to use the standard 
cylinder object of in the category of dg-modules (the definition of this cylin- 
der object Cyl{ka) is reviewed in fJSUTT]) and to form an extension of the cobar 
construction 

CylQ^ {f{Cyl{ka) ® D),dp). 
Our first task is to define an appropriate twisting derivation 

dp : f{Cyl{ka) ® 5) ^ f{Cyl{ka) 5) 
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in order to define this quasi- free operad Cyl Q. Then we apply results of HI. 41 to 
check the properties of cylinder objects. 

5.1.1. The construction of the cylinder object. We have 

CylQ£.(7) = (Ikcr° ® kcr^ ©Ikcr°\a), 

where a^^a"^ are homogeneous elements of degree —1, the element a^^ has degree 
and d is the differential such that d{cr''^'^) = — . For our use (except in the 
proof of lemma [5.1.3p . it will be more natural to put the differential of Cyl{ha) 
in the twisting derivation of Cyl Q. Therefore we consider the graded k- module 
K = k(T°0kcr"'^ ®kcr°^ underlying Cyl{ka) and we form the free operad V{K ^D). 

The operad derivation dp : V{K ® D) ^ V{K ® D) is associated to the homo- 
morphism (3 : K ® D V{K ® D) defined by the formulas of figure [TOl In these 
formulas, the signs (like the sign of the cobar construction) are produced by the 
commutation of homogeneous elements cr*^ with factors 7* when we patch the tensor 
products cr'^ (8) 7* . 
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Note that: 

Claim. The homomorphism (3 : K D f{K (E> D) defined by the formula of 
figure{TU\ satisfies the relation 5{j3) = with respect to the internal differential of D 
and dp ■ (3 — 0. 

Hence, by proposition 1 1.4.51 we have a well-defined quasi- free operad such that 
CylQ= {F{K(g>b),dp). 

Proof. The assertion S{fS) = is immediate since /? is essentially a combina- 
tion of coproducts and identity morphisms in D. 

For generating elements c = a'^ O 7, e = 0, 1, the homomorphism (3 is identified 
with the homomorphism which determines the derivation of the cobar construction. 
Hence we already know that dp ■ (3{a'^ (8>7) vanishes for e = 0, 1. Recall briefly that 
this assertion is a consequence of the coassociativity of the cooperad coproduct, 
expressed by dual versions of the commutative diagrams of 

The identity dp ■ /3(<7°^ ® j) — follows from a straightforward generalization 
of this verification: check that each tree of the expansion of dp ■ /3((T°^ (X> 7) occurs 
twice and use the coassociativity of the cooperad structure to conclude that all 
terms vanish. □ 

We check now: 

5.1.2. Lemma. The morphisms of graded h-modules 

d" sO 

k cr k cr° ffik cr^ ekfjOi ^jj^ 

such that d°{a) ^ cj° , d^cr) = s"(cr°) = s°{cr^) = a, and s°{a°^) = 0, induce 
operad morphisms 

Q r Cyl Q Q 

such that s^d^ = s"rfi = id. 

Proof. By proposition 1 1 . 4 . 81 we are reduced to check identities 

/3 • (/.(c) = • /3(c) 

on generating elements in order to prove the commutation oi (j) — d^ , s^ with dif- 
ferentials. This verification is immediate from the definition of the homomorphisms 
13 -.ha ®b ^f{ka ®b) and 13 : K ®b -^^{K ®b). □ 

5.1.3. Lemma. If the cooperad D is Yi^-cofibrant, then the morphism {d^,d^) : 
Q V Q — > Cyl Q is a cofibration and : Cyl Q ~^ Q is an acyclic fibration. 

Proof. In this proof, we use that d'^,d^,s'^ are identified with morphisms of 
quasi-free operads induced by morphisms of S*-objects: 

kc7 (g) D > Cyl{ka) (g) D ^kcr (g) D ■ 

Since d'^,d^ : kcr Cyl{ka) are acyclic cofibrations and D is S*-cofibrant, we 
obtain that 

d°,d^ :kcrg)D-^ Cyl{ka)(»b 
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are acyclic cofibrations of S, -objects and proposition ll. 4.131 implies that the induced 
morphisms dP,d^ : Q ^ CylQ are acyclic cofibrations of operads. Accordingly, we 
conclude from the identities s'^dP = s^d^ — id that s° is a weak-equivalence. Note 
that s° is obviously a fibration. 
We also have 

QVQ = (F((ka°©kcri)®D),5/3) 
and {dP,d^) : Q V Q ^ CylQ can be identified with the morphism of quasi-free 
operads induced by the morphism of E*-objects; 

which forms a cofibration. Accordingly, proposition 11.4.131 implies that the mor- 
phism (d", d^) : Q V Q ^ Cyl Q forms a cofibration of operads. □ 

From these lemmas, we conclude: 

5.1.4. Theorem. For any Yi^-cofibrant cooperad D, the quasi-free operad of ^5.1.j\ 

CylQ = {f{Cyl{k<T)(E)D),dp) 

defines a cylinder object associated to the cobar construction Q — B'^{D). □ 

5.2. Cylinder objects and algebra equivalences. Let ?/;°,?/;^ : Q — > EndA 
be a pair of morphisms which provide a dg- module A with two Q-algebra structures. 
Recall that a left homotopy between {ip'^, ■0^) is a morphism i/j : Cyl Q EndA on 
a cylinder object associated to Q such that the diagram 

Q V Q — — >■ EndA 
CylQ 

commutes. In a model category A the existence of a left homotopy between mor- 
phisms (ip^jip^) does not depend on the choice of a cofibrant object. The same 
assertion holds in semi-model categories provided that (V'°,V'^) have a cofibrant 
domain. 

The first purpose of this subsection is to prove: 

5.2.1. Theorem. Let Q = B'^{D) be the cobar construction of a Y.^-cofibrant 
cooperad D. Let P be any Y,,,- cofibrant operad together with a weak- equivalence 
0e : Q ^ P. 

Let 4>'\(t)^ : P — > EndA be a pair of morphisms which provide a dg-module 
A with two P-algebra structures. Let Tp{A^<f)'^) — {D{A)^da^) be the quasi-cofree 
D-coalgebras associated to the P-algebras {A, (jf), e = 0, 1. 

We have a bijective correspondence between left homotopies 

Q V Q ^ P V P ^ EndA , 



Cyl Q 

and the morphisms of quasi-cofree coalgebras 

(D(A),9„0-^(D(A),9,o) 
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which reduce to the identity on A. 

Recall that (pf is determined by a homomorphism of dg- modules / : D{A) A 
of degree 0. The assumption on (f>f amounts to the identity f\A — idyi- 

Proof. Let {tp'^jip^) be the composites ip'^ — cj)'^ ■ (pg^ where e = 0, 1. We have 
by definition a'^{a) — for a E A. The relation tpd'^ = -0' gives 

a'(c) = V''(7)(ai,- ■ ■,an)= /(d'(7))(ai, . . . ,a„) = -0(cr' 7)(ai, . . . ,a„), 

for any element c — 7(01, . . . , a„) G D(A) such that 7 G D(n). The homomorphism 
/ : D(A) ^ A associated to ^jj is determined by /(a) = a for a G A and (with the 
same conventions) 

/(c) =V'(c^"^«'7)(ai,...,a«), 

when we assume c = 7(01, . . . , a„) G D(A), 7 G D(n). 

Recall that ?/) is uniquely determined by the homomorphism of E^-object h = 
^\K®b- ^ consequence, our relations give a bijective correspondence between 
the homomorphisms of degree 

D{A) ^ A 

such that /{a — id^ and the homomorphisms of degree 

F{K ® 5) EndA 

commuting with composition structures and such that ipd'^ = ip'^ for e = 0, 1. 

Thus we are reduced to prove that / satisfies the equation of proposition 14.1.81 
if and only if ft, : iiT D ^ EndA satisfies the equation of proposition 11.4.71 The 
verification of this assertion reduces to an immediate inspection of formulas. □ 

This theorem gives as a corollary: 

5.2.2. Theorem. Let Q ~ B'^(D) be the cobar construction of a T,f-cofibrant 
cooperad D. Let P be any T,^-cofibrant operad together with a weak- equivalence 

Let 4>^,4>^ : P — >• EndA be morphisms which provide a dg-module A with P- 
algebra structures. The existence of a left homotopy 

Q V Q P V P ^ ^ EndA , 

CylQ' 

implies the existence of a fill-in weak- equivalence in the diagram: 
i?p(D(A),9,i)...f..-i?p(D(A),9,o) . 



(A, 01) iA,cb°) 

Proof. Apply proposition 14. 2 . 8l to the morphism 0/ yielded by theorem l5.2.1l 

□ 



OPERADIC COBAR CONSTRUCTION AND HOMOTOPY MORPHISMS 



63 



5.2.3. Concluding remark: generalizations to properads. Recall that a prop is 
a structure which collects operations p : A*^™ A*^" with a variable number of 
inputs m and outputs n. The free prop is defined by tensors arranged on graphs and 
the structure of a prop P amounts to composition products Ar : t(P) — > P(/), where 
T ranges over arbitrary /-graphs. The notion of a properad introduced in [26l. |27| 
amounts to a prop whose structure is determined by composition products over 
connected graphs. 

The bar duality of operads is extended to properads in 2^ 23], but we have 
no duality construction on the category of algebras associated to a properad such 
that the analogue of theorem 14.2.41 holds. 

However, the definition of the cylinder object CylB^{D) can be extended to 
properads and we still have an equivalence between homotopies in the category 
of properads and certain morphisms of D-costructures (which are no more coal- 
gebras over D). Moreover, according to 7], a left homotopy between morphisms 
(j) : Cyl B^{D) EndA is still associated to a morphism 

(A, 00)^.^.^ (A, 

in the homotopy category of _B'^(D)-algebras. 

Therefore, the construction of this subsection could be generalized to give a 
new model of equivalences in the homotopy category of algebras over a properad. 
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